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Abstract—In this paper, we introduce the local branching as
a learning strategy for approximately solving the set-union
knapsack problem; that is an NP-hard combination
optimization problem. The designed method is based upon
three features: (i) applying a swarm optimization for
generating a set of current particles, (ii) using an iterative
search for providing a series of diversified solutions linking
some particles of the population and, (iii) injecting a local
branching as a learning strategy for enhancing the global best
solution: it can be viewed as a driving strategy employed for
guiding particles towards the best position. The performance
of the method is evaluated on benchmark instances of the
literature, where its provided bounds are compared to those
reached by the best methods available in the literature. New
bounds have been discovered.

Index Terms—evolutionary, knapsack, learning, branching

l.  INTRODUCTION

The Set-Union Knapsack Problem (Psuk) is a variant of
the well-known Knapsack Problem (KP), a NP-hard
combination optimization problem. An instance of PSuK is
characterized by a set of elements and a set of items, where
items are related to the elements. Each item is represented
by its profit and weight, while an element should be
activated whenever an item related to that element is
selected. The KP family arises in plenty real-world
applications, like cryptography studied by [1] Merkle and
Hellman [1], logistics tackled in Perboli et al. [2], packing
studied in Grange et al. [3], and Hifi and Yousef [4], and
other problems like multimedia and telecommunications.

In this paper, we investigate the use of an efficient
learning strategy for approximately solving Psuk. An
instance of the problem is represented by two sets: a set
including elements such that ={1,.., }and a set | of

items such that ={1,.., }. Each item ,
represents a subset  of elements such that| | = anda
non-negative  profit while each element is
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characterized by its nonnegative weight . The goal of the
problem is to search for a subset  of items , Where
the overall profit > is to maximize without
exceeding the knapsack capacity

The formal description of Psuk can also be stated as
follows. Letx=( 4,..., ) {0,1} bean m-dimension

vector. A, = {i | x; Xp=1,1< < } |, thenfor
an arbitrary , =1ifandonly if . Therefore,
Psuk is given as follows:
()= > 1)
=1
s.t.
wW( )= <
> @

In recent years, it has been observed that the
hybridization of procedures may be considered as a very
promising research issue. Nevertheless, the difficulty
which may be encountered when applying this type
methods may be related to the runtime consumed. Herein,
we propose an efficient and powerful alternative approach
which is able to achieve solutions with high quality and
overcomes to the heaviness of this type of methods.
However, tailoring a proper hybridization of different
methods can make use of advantages of each one and result
in a powerful method. Herein, we opt in including a local
branching operator, where almost of using a standard
swarm optimization, we run the operator for highlighting
each improved global best solution related to the current
system; that is applied as a learning strategy for enriching
the diversified solutions related to a series of local
solutions. It is composed of the following features: (i) A
random search of positions for generating the first
population of particles, where a normalized configuration
is applied using the sigmoid function; (ii) A repairing
operator used for reaching a feasible solution, and
enhanced with local operators; (iii) A local branching
operator used as learning strategy for driving the search
process. These steps are embedded into an iterative process
for highlighting the solutions
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The remainder of the paper is organized as follows. The
related work is exposed in Section 1. Section Il discusses
the proposed method. Finally, a preliminary experimental
study is considered in Section IV.

Il. BACKGROUND

For an exact resolution, Goldschmidt et al. [5] designed
a dynamic programming-based algorithm, where the initial
problem is reduced to the densest k-subgraph problem.
Experimentally, the authors pointed out the efficiency of
the method, especially when solving small-sized instances.

Because exact algorithms are intractable, especially
when tackling large-scale instances, several studies were
concentrated on designing approximate heuristics. Indeed,
Avrulselvan [6] discussed a quick approximation algorithm,
where a greedy rule was used for iteratively choosing the
next item to be added to the partial solution.

He et al. [7] designed a binary artificial bee colony-
algorithm combined with a mapping function. The
algorithm employed a greedy search, where both feasible
or unfeasible solutions are accepted in the current
population. The experimental part showed its good
behavior on a set of instances of the literature.

Ozsoydan et al. [8] proposed a hybrid binary swarm
optimization, where two phases are considered. The first
phase applies a standard swarm optimization to explore
local neighborhoods, and the second phase applied the
genetic algorithm to diversify the search space.

Wu and He [9] proposed a hybrid (double) Jaya
algorithm, where the method was reenforced with
intensification and diversification operators. It combines
both the standard Jaya procedure and the differential
evolution operator. Crossover and repairing operators
were also added. The resulting method was evaluated on
instances of the literature.

Wei and Hao [10] designed an iterated local search
algorithm based on two phases: exploration phase and
escaping phase. The first phase intensifies the search using
variable neighborhood descend and tabu list. While the
escaping phase tries to diversify the search. They evaluated
their proposed method on instances of the literature.

Dahmani et al. [11] designed an iterative rounding
strategy-based algorithm for tackling the same problem. It
is based on three features: a partial solution built according
to a fractional value related the solution of a given linear
relaxation, a rounding procedure coupled with an
improved operator using the critical element, and
degrading and repairing operators added for a
diversification. The efficiency of that method was
evaluated on instances of the literature.

Dahmani et al. [12] investigated the use of a particle
swarm optimization. A standard version was reinforced
with a local search operator, where the notion of the critical
item for a single knapsack was considered. Their method
was evaluated on benchmark instances of the literature.

In this paper, we propose a local branching employed as
learning strategy in the population-based algorithm, where
three key features are considered:

1) An initial population is built using a randomized
procedure; that is based upon Arulselvands rule,
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2) According to a new position of a given particle,
local operators are added for enhancing its position;
where that position is measured according to its
value.

3) Alocal branching operator is applied for enhancing
the position of the global best position (with better
bound); that is employed for searching to good
tuning and so, enhancing positions which must be
used as a series of particles belonging to the current
population.

These strategies are embedded into an iterated process
till satisfying a stopping criterion. The proposed algorithm
is then analyzed computationally on a set of benchmark
instances of the literature, where its provided results are
compared to the best bounds available in the literature.

I1l. A LEARNING STRATEGY FOR HIGHLIGHTING
APPROXIMATE SOLUTIONS OF PSUK

A. A Basic Swarm Optimization

In earlier works, it has been remarked that the first
bounds related to solutions may decrease quickly at the
beginning of the resolution while a stagnation appears at
the end of the resolution. These methods are often based-
upon a single solution procedure for which any
diversification may tend toward a solution not evident to
use for optimizing the system. In order to enrich the search
process, we propose a population-based method; that is
based upon Particle Swarm Optimization (PSO). That
method can be viewed as an evolutionary algorithm, which
has been proposed first by Eberhart and Kennedy [13]. The
used process considers a set of agents/particles described
by the following three vectors (at a certain iteration = 1):

1 : the current position of particle on the space.

1 : the best position reached by the particle .

1 : the global best solution over all particles.

1 : the velocity applied for guiding the moves of

the current particle i in the space.
Further, information shared between particles are
updated for providing new positions:

= x 1 4+ [ x x( -
+ o xvux( - (3)
and
B =0 1+ (4)

where Eq. (3) acts on the velocity and Eq. (4) acts on each
particleds position.
One can observe that Eq. (3) is composed of three parts:
(i) wx ~1: represents the i-th particleds velocity at
iteration ( — 1), where  denotes the inertia
weight that tries to control the magnitude of the
fiold velocityd (usually ¥ belongs to the interval
[0.4,0.9)).
(i) ( — 0 71): denotes a natural tendency of a
particle i to return to its best position.
(i) ( — 0 71): is the tendency of a particle to
follow the best position.
Both parameters | and », represent the cognitive and
social factors, respectively, where often ; + , is less
than or equal to 4, and both parameters and v are
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randomly generated in the interval [0, 1]; they are used to
determine the degree of influence of and :
respectively.

B. Adaptation of the Swarm Optimization

A Psukds feasible solution is such that all selected items
and elements satisfies all constraints of the problem. Thus,
each solution/configuration, namely , can be stated as
follows: a vector of dimension + + 1such that =
( ) )1 Where = (( 1y 25 )v( 1 2y )) WhICh
denotes the current positions of all decision variables of a
solution / configuration  with its objective value

1) A standard population-based method

Because we are looking to feasible solutions, the
proposed method uses a standard normalization of the
configuration, where a Sigmoid function is used for
splitting each decision variable into either 1 or 0. The
normalized configuration, the repair operator is called for
removing unfeasibility, and augmenting the quality of the
solution for making it complete. The repair operator works
as follows:

1. Let be the current configuration.

2. Remove items violating the knapsack capacity (and
their related elements) for making the solution
feasible, and let ( y be the provided partial
solution.

Let ¢  bethe new reduced subproblem containing
items and elements removed from S and items fixed to
zero in S with its associated elements (when all items
related to these elements are free or fixed to 0).

3. Let ( y be the (sub)optimal solution reached

when solving € (cf. the procedure below).
4. Combine both ( yand ( ,to achieve a new
complete solution.
When providing the reduced problem C ) the
following greedy procedure is applied in step 3:
1. SetPes = PC 3.

2. For , rank all items in decreasing order of their
profit per weight, ie.,, - =>-2>  andset = ,
— 1 2
= ’_and = . _
3. ,if > , remove these items from .

4.1f # then stop with the best solution S.
Letp = {—}

a) Set = {p}, = {ptand = - _

b) Evaluate all potential weights of all items of .

c) If # rank all items of in decreasing order of
their profit per weight.

5. Repeat steps (3) and (4).

Thus, the second partial solution reached is added to the
first partial one for forming the complete solution for Psuk;
that is a new position of the current particle.

2) Alearning strategy

Often learning strategy is employed for enhancing
parameters of a given model, where forward and
backtracking procedures are used. Instead of using these
processes, we introduce a deep exploration aiming at
improving the position of the feed according to
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position. The goal is to drive all particles, by their local
positions, to this position using a jumping principle that
can sometimes be more ambitious. Obviously, this
exploration can be done by simple local searches, but it has
often been observed that such procedures can easily get
trapped in local optima. In order to better explore the
search subspaces, we propose a learning strategy by
applying a series of local branching.

a) Local branching (LB): It is a specialized
optimization strategy considered as an alternative to exact
methods for solving complex problems. LB has been first
proposed by Fischetti et al. [14], where its principle is to
mimic an optimal resolution of mixed integer
programming problems ( ). Such a technic has been
successfully used for tackling several optimization
problems (Hifi et al. [15], and Boukhari et al. [16]). Given
“as a reference solution for , the set of its binary
variables, and be the neighborhood related to
~which corresponds to the set of solutions related to
with the following additional branching:

AC,) >@A- )+ > < ®)
B\
such that ={ | =1} and the term of the right-

side of Ineq (5) is the number of binary variables switching
their values either from 1 to 0, and vice versa. The
additional local constraint may be rewritten as follows:

aC) Z@A- )= (6)

such that "= > where adding the above constraint to the

current problem induces a branching criterion within an
enumerative scheme for the current . Therefore, the
feasible space related to the current branching node can be
divided according to the following two adding constraints:

A, = oo A(,D)= +1 (@

where k is often determined experimentally. According to
the value assigned to k, the search process may be iterated
by altering between normal and local branches.

b) Highlighting solutions with LB: Of course,
calling a specialized black-box solver, like Cplex, for
solving the complete problem can induce a very expensive
resolution, even if the instanceds size is relatively small. In
order to avoid a slow convergence, we propose to build a
reduced problem by splitting the components of the current
solution s into two parts. We do it as follows:

T Fix 0%, U ]0, 100[>s|, of the variables of s
belonging to the knapsack (we note the resulting
fixed solution as  with its set of indices 2, and

1( o) its value).

T Gather the (] | — o) unfixed items with the ( +

o—| ) (fixed to 0 in s) to form a reduced

subproblem, noted . Let " be the number of
resulting items:
0= max > 8)

=1
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s.t. W( ) — z

©)

where =b-—7Y ¢ . Solve with LB and let ,()
be the value related to the complementary solution .

T Set_ vand_= 3( o)+ 20).

c) An overview of the proposed method: Algo 1
describes the main steps of the population-based algorithm
using the local branching as learning strategy.

Algorithm 1 T Local branching as a learning strategy

of solutions.
particle  with

Input. A population

Output. A  best objective  value

: Initialization. _
: Generating the initial population with positions h', i
: Normalize all positions and make them feasible.

, set ., and

{z(p )}
in[- , ]foreach ( )andfrom[— , ]for( ).

= argma

1
2
3
4
5: Generate
6: Iterative
7: while (the stopping conditions are not performed) do
8 for (each particle ) do

9

Compute its objective value z(h').

10:
12:
13:
14:
15:
16:
17:
18:

if(z( )> 2(
end if
end for
if ((
Update
end if
for (each particle ) do
Update the particleés velocity by using Eq. (3),
19 Update the particleds position by using Eq. (4).
20 end for
21: end while
22: Return the best position

) ) then Set

) < {( )}) then

and call LB operator for enhancing

whose value is (

).

IV. EXPERIMENTAL PART

In this section, the behavior of the proposed Learning
Strategy-Based Population Algorithm (LS-BPA) s
analyzed on benchmark instances of the literature. The
used instances are composed of two groups: the first group
contains medium instances and the second one includes
large-scale instances. The number of items (elements)
varies from 100 to 300 for the first group, and from 600 to
1000 for the second group (an Intel Pentium Core i5 with
2.4GHz was used).

TABLE . BEHAVIOR OF LB-PSO: VARYING THE SIZE K OF THE
NEIGHBORHOOD
#inst k=4 k=5 k=6 k=7 k=8
n<m 11343.4 11428 11364.8 | 11360.1 | 11398.9
n=m 11797.0 | 12066.0 | 12052.0 | 12034.5 | 12047.2
n>m 11988.8 | 11989.6 | 12012.9 | 11930.8 | 12018.1
Av. 11709.7 | 118279 | 11809.9 | 11775.1 | 11821.4

© 2022 J. Adv. Inf. Technal.

262

A. Parameter Settings

LB-PSO needs to tune (i) the fixation parameter U used
for providing a partial solution, and (ii) the size k of the
neighborhood needed by the local branching. We also
considered the stopping criteria as a maximum runtime
limit fixed to 1 hour (even augmenting that limit, bounds
were not improved), and the size of population to 20 (other
values were also tested for which the bounds may be
improved at the expense of runtime).

Table | reports the average bounds achieved by LB-PSO
on instances of Group 1, where k varies in {4,...,8}.
Column 1 refers to the three subsets of instances, columns
from 2 to 10 show the average objective values (ten
instances by subset) and the last line (Average) tallies the
global average value overall the thirty instances of the
three subsets. From Table I, we observe that the best global
average value is reached for k = 5 (column 5, last line),
which is a break-point overall other values. We then fix
that value for the rest of the study.

Table Il displays the average bounds achieved by LB-
PSO, where U belongs to {20%, 70%} by a step of 10%.
Column 1 refers to the subsets, columns from 2 to 8 report
the average objective value of each subset, and the last line
tallies the global average value overall subsets. From Table
11, we observe that the break-point is reached for U = 60%
(it reaches a global average objective value of 11978.6)
even if for some values of U the algorithm provides a close
value. Hence, U is fixed to 60%.

TABLE Il. BEHAVIOR OF LB-PSO: VARIATION THE FIXATION
PARAMETER FOR LB
#inst | 20% 30% 40% 50% 60% 70%
n<m | 11575.1 |11542.6 |11575.1 | 11537.3 |11575.1 | 11537.3
n=m |12141.3 |12141.3 | 12114.9 |12131.2 | 12141.3 | 121413
n>m |12180.4 | 12163.7 |12167.6 | 12210.8 |12219.4 |12186.9
Av. 11965.6 |11949.2 | 11952.5 | 11959.8 | 11978.6 |11955.2

B. LB-PSO versus more Recent Methods: Group 1

We compared LB-PSO{ results to those achieved by
more recent methods of in the literature: DHJaya(1,2) [9],
and IRSP and HSPO-BA ([11], and [12]). Table Il reports
the results provided by BABC [9], DHJaya(1,2), I12PLS
[10], HSPO-BA, and LB-PSO on instances of Group 1.

The first column displays the instanceds information,
and other columns report the best objective values (Best)
achieved by all considered algorithms. From Table 111, we
observe that LB-PSO outperforms BABC, since it is able
to provide 21 better bounds and matches 9 bounds, while
BABC matches 9 bounds and it fails for the rest of the
instances. LB-PSO performs better than DHJaya(1,2). In
this case, it reaches 22 better bounds over the 30 instances
tested. In term f percentage, PSO-B achieves 70% of the
best bounds and it matches the rest of the bounds. LB-PSO
has a good behavior when compared to I2PLS. Indeed, it
matches 29 bounds as I2PLS and reaches a new (lower)
bound for the instance S-I-5. Finally, LB-PSO remains
competitive when comparing its provided results to those
achieved by the best method of the literature HPSO-BA.
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Indeed, one the one hand, the learning strategy is capable
to enhance solutions, where a new (lower) bound (instance
S-1-5) is discovered, and it matches 29 bounds. On the
other hand, LB-PSQbfs global average bound is equal to
11991.7 while HPSO-BA provides an average value of
11973.60.

TABLE I1l. BEHAVIOR OF LB-PSO ON 30 INSTANCES
BABC |DHJaya(1,2)| I2PLS |HSPO-BA| LB-PSO
#lnst. Best Best Best Best Best
S-I-1 12045 12045 12045 12045 12045
S-1-2 12369 12369 12369 12369 12369
S-1-3 13647 13696 13696 13696 13696
S-1-4 10926 11298 11298 11298 11298
S-1-5 11374 11568 11568 11568 11894
S-1-6 10822 11714 11802 11802 11802
S-I-7 10110 10483 10600 10600 10600
S-1-8 9659 10302 10506 10506 10506
S-1-9 10835 11036 11321 11321 11321
S-1-10 9380 10104 10220 10220 10220
S-11-1 14044 14044 14044 14044 14044
S-11-2 13508 13508 13508 13508 13508
S-11-3 12350 12522 12522 12522 12522
S-11-4 11929 12317 12317 12317 12317
S-11-5 12304 12736 12817 12817 12817
S-11-6 10857 11425 11585 11585 11585
S-11-7 10869 11569 11665 11665 11665
S-11-8 10048 10927 11325 11325 11325
S-11-9 10755 10943 11249 11249 11249
S-11-10 9601 10214 10381 10381 10381
S-111-1 13283 13283 13283 13283 13283
S-111-2 12479 12479 12479 12479 12479
S-111-3 13402 13521 13521 13521 13521
S-111-4 14215 14215 14215 14215 14215
S-111-5 10572 11385 11563 11563 11563
S-111-6 12245 12402 12607 12607 12607
S-111-7 11021 11484 11484 11484 11484
S-111-8 9649 10710 11209 11209 11209
S-111-9 10927 11722 11771 11771 11771
S-ll-1 9306 10194 10238 10238 10238
Average | 11484.4 11873.8 11973.6 | 11973.6 | 11984.5
fi=" 7 13 29 29 30
fiz" 23 17 1 1 0

C. Behavior of LS-BPA on Instances of Group 2

LB-PSO was also tested on 18 large-scale instances
belonging to Group 2. Table IV reports the results
achieved by I2PLS, IRSP, HSPO-BA and LB-PSO.
Column 1 displays the instanceds label, column 2 report
I2PLS0 results (Best), and columns from 2 to 5 tally those
achieved by I2PLS, IRSP, HSPSO-BA and the proposed
LB-PSO.

From Table IV, we can observe what follows:

1 LB-PSO performs better than all tested methods for
the large-scale instances, since it is able to provide
the 18 best bounds.

LB-PSO achieves a global average bound of
13675.2, which remain better than that provided by
IRSP (13642.7). In this case the Gap realized is
equal to 32.5, while that Gap becomes more
significant when comparing it to HSPO-BA (107.9),
and 12PLS (498.3).

Over all the 18 best bounds matched by LB-PSO, it
is capable to discover 11 new solutions, which
represent a percentage of 61% of the bounds.

© 2022 J. Adv. Inf. Technal.

263

TABLE IV. BEHAVIOR OF I2PLS, IRSP, HSPO-BA AND LB-PSO ON
THE 18 LARGE - SCALE INSTANCES

#Inst 12PLS IRSP HSPO-BA LB-PSO
#Inst. Best Best Best Best
S-1v-1 12774 13114 13170 13170
S-1Vv-2 7565 7962 7647 7995
S-1V-3 15464 15917 15760 15923
S-1v-4 9365 9423 9423 9507
S-1V-5 19597 20221 20221 20221
S-1V-6 11698 11730 11698 11732
S-1v-7 13841 14113 14211 14211
S-1V-8 7142 7759 7759 7772
S-1vV-9 17175 17250 17232 17289
S-1v-10 8939 9385 9230 9388
S-1v-11 21748 22049 21601 22204
S-1V-12 11322 11696 11696 11704
S-1v-13 13903 14282 14296 14296
S-1v-14 7647 8125 8125 8125
S-Iv-15 16912 17767 17541 17775
S-1V-16 8935 9856 9917 9917
S-1v-17 21600 22590 22355 22595
S-1v-18 11557 12330 12330 12330
Average 13176.9 13642.7 13567.3 13675.2
=" 0 3 7 18
fz" 18 15 11 0

V. CONCLUSION

In this paper, the set-union knapsack problem was
studied, where a cooperative population-based algorithm
was proposed for approximately solve it. The resulting
method combined three features: an iterative swarm
optimization process, local search operators, and a
learning strategy that is based upon local branching
operator. Finally, the performance of the resulting method
was evaluated on a set of benchmark instances of the
literature, which contains instances varying from medium
to large-scale ones. The experimental part showed that the
method is very competitive, where it is able to outperform
more recent of the literature and is able to discover new
lower bounds for several instances.
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