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Abstract—Bipartite graphs are used to model many real-
world relationships with applications in several domains,
such as: medicine, social networks and marketing. Examples
of such relationships include drugs-adverse reactions
associations, links between genes and various pathologies,
actors and the movies they play in, researchers and the
papers they author. We explore several properties of
bipartite graphs and propose several notions including the
measure of biclique similarity of a set of vertices, the measure
of biclique connectivity of a set of vertices, and the notion of
chains in bipartite graphs. We introduce the Biclique
Similarity Ordering Recommendation (BISOR) algorithm,
an application of maximal bicliques of bipartite graphs to
recommendation systems that makes use of the notion of
biclique similarity of a set of vertices in order to recommend
items to users in a certain order of preference. We justify our
approach by presenting experimental results that use real-
world datasets: Sushi, MovieLens 100k and MovielLens
1Million.

Index Terms—bipartite graphs, biclique similarity, polarity,
recommendation order

. INTRODUCTION

Bipartite graphs are graphs whose vertices are
partitioned in two disjoint sets, and any existing edge
connects a vertex from one set to a vertex from the other
set. Real-world relationships from many domains, such as
medicine [1] and social networks, could be modeled as
bipartite graphs. Examples include drugs-adverse
reactions associations, relationships between genes and
various pathologies, actors and the movies they play in,
researchers and the papers they author, persons and the
movies they like.

Recommendation systems focus the attention of users
on items in which they might be interested. For a streaming
company such as Netflix or Amazon Prime, it might be
important to recommend movies that users might be
interested in watching.

The recommendation systems literature is vast. There
are different classifications of recommendation systems.
One of the most common classification splits the
recommendation systems into content-based filtering,
collaborative filtering, and mixed-approaches. Content-
based filtering [2], [3] systems recommend items similar
to items known to be liked by the user. This method
usually requires the creation of profiles for items and/or
users. One issue with content-based-filtering is that it will
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only match other items which share similar properties.
This yields no variety in the recommended items, as using
this method the user will not be recommended items with
different properties. Collaborative-filtering techniques try
to solve this issue by looking at the historical interactions
between users and items. The term collaborative-filtering
was first introduced in [4], where the authors described
Tapestry, an experimental mail system which provided
support to filter mails using both content-based filtering
and collaborative-filtering. GroupLens is presented in [5]
as an architecture that uses collaborative-filtering to
recommend news articles. One collaborative-filtering
approach relies on the computations of nearest-
neighborhoods. The user-based collaborative-filtering
looks at the nearest neighborhood of the user (i.e. users that
share similar likes/dislikes) and recommends items based
on the ratings of other users from same nearest
neighborhood. This works on the assumption that similar
users have similar likes/dislikes. Item-based collaborative-
filtering approach looks at the nearest neighborhoods of
items (i.e. items that share similar likes and dislikes). To
predict the rating of a user for a given item, the items that
were already rated by the given user are used. One
drawback with collaborative-filtering recommender
systems is the cold-start problem which appears when new
items (or new users) are added to the system, and we do
not have information with regards to previous interactions
between them and users (items). Data-sparsity can also
cause issues with collaborative filtering. Also, when a user
has very unique preferences, that are not usually shared
across other users, collaborative-filtering might perform
poorly. Another collaborative-filtering approach is the
latent factor models. One of the latent factor models with
best performance is the matrix factorization model [6],
which tries to determine a vector of latent factors between
users and items. A survey on auto-encoders recommender
systems is presented in [7].

In [8], the authors proposed an algorithm for
recommendation that relies on predicting links in a
bipartite graph. For any pair of user and item, a kernel
function that took into consideration random walks from
that user and that item to close neighbors was used. The
results from these kernels were fed into a support vector
machine algorithm in order to classify the new user-item
link as ‘possible’ or ‘impossible’. In [9], authors introduce
a recommendation algorithm that uses the notion of
one-mode projections.

In [10], the author examines how several graph
algebraic analysis methods apply to bipartite graphs.
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The recommendation algorithm we propose belongs to
the class of collaborative-filtering methods and it uses the
structure of the bipartite graph that models users-items
likes.

We found that the notion of polarity generated by a
relation is useful in exploring bicliques in bipartite graphs.
We introduce the measures of biclique connectivity, and
biclique similarity of a set of vertices. As an application,
we propose a recommendation algorithm that uses the
measure of biclique similarity.

In Section 11, we discuss bipartite graphs and polarities
generated by binary relations. We explore some properties
and introduce a special product operation between binary
matrices. The notion of maximal biclique generated by a
set of vertices is introduced in Section Ill. In Section 1V,
we propose the measure of biclique similarity of a set of
vertices, the measure of biclique connectivity of a set of
vertices, and the notion of chains in bipartite graphs. Using
some of these notions, we introduce the Biclique Similarity
Ordering Recommendation (BISOR) algorithm. In Section
V, we present experimental results run on three real-world
datasets. Finally, Section VI presents our conclusion and
some directions for future work.

The current paper is an extended version of a paper [11]
we presented at the ICISDM 2021 conference.

Il.  BIPARTITE GRAPHS AND POLARITIES

The mathematical underpinning of this section is the
notion of polarity [12]. The set of subsets of a set U is
denoted by P(U).

Let p be a binary relation defined on the sets L and R,
p € L X R. The polarity determined by a relation p is a
pair of mappings ¢,: P(L) — P(R) and ¥,: P(R) - P(L)
defined as:

$,(X) = {y ER| (x,y) € pforevery x € X}

YY) ={x€L|(x,y) €pforeveryy €Y}

Forany subset X € Land Y € R.

We say that ¢, (X) is a polar of X and 1, (Y) is a polar
of Y.

The following statements are direct consequences of the
definitions of ¢, and 1,,. Namely, for any binary relation
p € L X Randforevery X € LandY S R we have:

X < X, implies ¢,(X) 2 ¢,(X;) Q)
(anti-monotonicity of ¢,)

Y < v, implies Y, (y) 2 1, (1)) )
(anti-monotonicity of 1)

X S, (¢p(X)) ®)

Y € ¢,(p(Y)) (4)

Theorem 2.1. If (¢,,,,,) is a polarity on the sets L and
R, then:
b (Wp(Py (X)) = $(X)

and

wp (¢p (¢p M) = 1/)p 9]
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Proof: As we noted, we have X < 1,(¢,(X)), hence
$,(X) 2 ¢,(W, (¢, (X))). The reverse inclusion follows
by substituting ¢, (X) for Y in Equality (4), which implies
the first equality of the theorem. The proof of the second
equality is similar.

If (¢,,v,) isapolarity on the sets L and R, then for any
subsets X;,X,,X € Land Y;,Y,,Y € R, we have:

$p(X1 U X3) = ¢y (X1) N ¢y (X3)
P (Y, U 1) = 1, (1) N, (1)
These equalities imply immediately
®p(X) = Nyex dp({x})
Y (Y) = Nyer ¥, (¥}

A bipartite graph is a triplet G = (L, R; p), where L, R
are two disjoint finite sets of verticesand p < {{u, v} |u €
L,v € R} isthe setof edges of G. If p = L X R, we say that
G is a complete bipartite graph.

Let x,y be two row vectors in {0,1}*, where x =
(x4, ey xp)and y = (y4, ..., yx). Define x Ay as:

x Ay = (minfxy, y1}, ., min{xi, yi)
The same operation is defined on column vectors and
produces a column vector. The transpose of a vector x is
denoted by x'.
ForasubsetSofaset U = {uy, ..., u,} with |[U| = k we
define its characteristic vector vg = (v, ..., V) as the row
lifu; €S,

vector given by:
Vi = { 0 otherwise.

Note that if S,T < U such that v = (v, ..., v;) and
v = (Wy, ..., W) We have:

Vsar = (min {vy, w;}, ..., min{v, ,wy}) = vs Avyp

Let G = (L,R;p) be a bipartite graph, where L =
{uy, ..., u,}and R = {vy, ..., v, }. The biadjacency matrix
[13] of G is the matrix B € {0, 1}, where b; ; = 1 if
and only if (u;,v;) € p. The binary relation p € L x
R defined by the graph G consists of the pairs defined by
the edges of G. The component b; ; of the matrix B may be
denoted as b,,,, when we need to mention explicitly the
members of the sets L and R.

The rows of the biadjacency matrix of G are the
characteristic vectors of the sets of the form ¢ ({u;}) while
the columns are the characteristic vectors of the sets of the
form y({v;}).

For a bipartite graph G = (L, R; p) and a subset X of
L we have vgx)y =Ayex Vg(gxp- Therefore, vy y) can be
obtained by taking the componentwise minimum of the
columns of the form v (3 for x; € X.

Similarly, for a subset Y of R we have vyy) =
Ayey Vy((yy) and the row vy, equals the componentwise
minimum of the rows of the form vy, ;) fory; € Y.

Example 2.2. For a bipartite graph:

G = ({x1, %2, X3, X4}, {¥1, Y2, Y3, Yar V5 }, P)
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Shown in Fig. 1, the biadjacency matrix is:

10110
p_[01001
»~l11010
10111

Thus, a vector v 3 is the i" line of the matrix B,:
Vgt = (1,0,1,1,0), D,y = (0,1,0,0,1)
Vg(isp = (L1,0,1,0), g,y = (1,0,1,1,1)

and a vector vy, is the transpose of the jt* column of
B.
Yoy = (L01,1), vy, = (0,1,1,0)

Voeay = (1,0,0,1), vy, = (1,0,1,1)
Voysp = (0,1,0,1)

which shows that the biadjacency matrix can be written as:

v¢(x1)
B, = ( : )
Vo (aa)

_ ! ! ! i !
= ("w({yl}) Vu(v2)) Yu(ys) Vs ”w({ys}))

1
X1

Y2
X2

Y3
X3

Ya
Xq

Ys

Figure 1. Example of bipartite graph G =
({1, X2, X3, X4}, {yl'YZ,y3,y4,y5}; p).

Example 2.3. For the bipartite graph considered in
Example 2.2 we have:

¢(¢({x1'x3})) =Y ({1, ¥4} = {x1,x3, %4}

The characteristic vectors that correspond to the sets
involved are:
v{xl,X3} = (1’ 0; 1; O)

Vo (ps) = Yiyryay = (1,0,0,1,0)

Vy(yys) = Virgasagy = (1,0,1,1)

In this paper we use a two-element algebraic structure
S, defined on the set {0, 1} equipped with two operations
minand —, where — is the propositional implication
defined by:
1ifx=0,

x—>y={y ifx =1.

Note that x >y =1—x—xy. This operation is

neither associative nor commutative. However, min is
distributive over " — ", that is:

© 2022 J. Adv. Inf. Technol.

min{x,y = z} = min{x, y} - min{x, z}

as it can be easily verified. This structure generalized the
notion of semi-ring [14].

A commutative semiring [14] is a set S together with
two binary operations "+ "and "-" which satisfy the
following three axioms:

i) The operation "+" is associative and commutative
and there is an additive neutral element called "0"
such that x + 0 = x for all x € S.

ii) The operation "-" is also associative and
commutative and there is a multiplicative neutral
element called "1" such that x - 1 = 1;

iii) The distributive law holds that:

(a-b)y+(@a-c)=a-(b+0)
for all triples (a, b, ¢) from S

Example 2.4. The set [0, o] is a semiring relative to the
operations x + y = min{x,y} and x -y = xy for x,y €
[0,00]. The additive neutral element is oo, while the
multiplicative neutral element is 1. Also, we have the
distributive equality:

min{ab, ac} = a min{b, c}

fora, b, c € [0, o].

We introduce a special product operation between
binary matrices. If A € {0,1}™*™ and B € {0,1} ™},
then we denote their new product ¢ by AxBE€
{0,1}™*P}, The matrix ¢ € {0,1}™*P} is defined as:

Cik = MiNy<jen (ai = bjy)

For a row vector a € {0,1}**™ and B € {0,1}"™®, we
have (a B), = min (a; > bj). Similarly, if ce€
<jsn

D j . = i .
{0,137 is a column vector we have (Bc); 121}(121)(131;( -

).

Because of the asymmetry of the — operation, the
transpose of a matrix product is distinct from the product
of the transposed matrices in reverse order. Note that the
* product between matrices is not associative, in general.
Also, for B € {0,1}™";

,..,0*B=(@1,..,1)
and
(1,..,1) * B = (min by, ..., min b,,)

where b; is the j** column of B.

Theorem 2.5. Let (¢,,1,) be the polarity determined
by a relation p S LXR . If B, €{0,1}7" is the
biadjacency matrix determined by the relation p, then:

Vx * By = V¢, 0)
and
vy x By =vy,m)

for any subsets X € LandY € R.
Proof. Let L = {x,..,xq} and R = {y;, .., y»}. If X €
L, X= {xil, w,Xn}, it follows that x = (al, ...,aq) €

{0,1}4 is a vector that contains 1s in positions iy, ..., .
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We have (vy* Bp)k =1 if and only if
min < jen(a; > by) =1, or aj > by =1 for all j €
{1,...,n}. This amounts to the fact that a; = 1 implies
bj, = 1, which is equivalent to saying that for all x; € X
we have (x;,y,) € p, thatis, y;, € ¢,(X). This means that
vy * B, equals Vep,(x):

Suppose now thatY € Rand Y = {y;, ..., yx,, }- Then,
vy = (¢4, ..., Cr), Where vy, contains 1 in the positions
ki, oor k.

We have (vy*xB',) =1 if and only if
Mming< p<r (cp = byp) =1, or c, > by,=1 for £ €
{1, ...,r}. This means that c, = 1 implies b;, = 1, which
is equivalent to saying that for all y; €Y we have
(x40, ¥:) € p, that is x, € ¥, (Y). This means that vy x B,
equals Uy, ()

Corollary 2.6. Let (¢,,1,) be the polarity determined
by a relation pSLxR . If B, €{0,1}9" is the
biadjacency matrix determined by the relation p, then:

Yy = (Vx *B,) * B,

Yoy = (Vr * By) * B,

For anu subsets X € L and Y € R.

Proof: The corollary follows directly from Theorem 2.5.

Example 2.7. Consider the relation p < {x;, x,, x3} X
{y1,y2} whose bipartite graph is shown in Fig. 2. The
biconnectivity matrix is:

01
5 (5 1)
1 1

The characteristic vector of {x,} is v(,,; = (1,0, 0).
Note that:
(1; 0’ 0) * Bp = (01 1)
hence Vox)) = Vixg} * Bp = (0, 1)
In other words, ¢({x;}) ={y,}. Since vy B, =

(1,1,1), it follows that 1, (¢, ({x:})) = {1, Xz, x5}

X1

Y1
X2

Y2
X3

Figure 2. Example of bipartite graph G = ({x, x5, x5}, {¥1, Y=} p)-

Example  2.8. For the  bipartite  graph

G=({x1, X2, X3, X4, X5, X6}, {¥1, Y2, Y3, Ya, ¥5, Y6 }, p) ShOWN
in Fig. 3, the biadjacency matrix is:

10000 0
111100
|0 11110
=10 11101
011101
000001
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Thus, a Vector vy, is the i" line of the matrix B,:

The characteristic vectors that correspond to the sets
involved are:

'U¢({x1}) = (1, 0, 0, 0, 0, 0), v¢({x2}) = (1, 1, 1, 1, 0, 0)
'U¢({x3}) = (0, 1, 1, 1, 1, 0), v¢({x4}) = (0, 1, 1, 1, 0, 1)
Vo(asp = (0,1,1,1,0,1), vy = (0,0,0,0,0,1)

and a vector Vy(y ) is the transpose of the jt* column of
B.

Vo = (1,1,0,0,0,0), vgyy =1(0,1,1,1,1,0)

Voyap = (0,1,1,1,1,0), v,y =(011110)
Voysp = (0,0,1,0,0,0), vy = (0,0,0,0,0,1)

Which shows that the be biadjacency matrix can be
written as:
Vg ({x1))
5~ (vpe)
Vo (ixe})

_ ’ ' ’ ’ ’
= Wy Yo Yus) Yo Yeirs) Vived)

X1 H
X2 Y2
X3 Y3
Xa Y4
X5 Ys
Xe Ye

Figure 3. Example of bipartite graph G =
({1, X2, X3, X4, X5, X6 3 V1, Y20 Y3, Yar Vs, Ve ) P)-

Example 2.9. For the bipartite graph considered in
Example 2.8 we have:

lp(¢({x2,x3})) =Y ({y2, Y3, ¥a}) = {x2, X3, X4, X5}

The characteristic vectors that correspond to the sets
involved are:

Vixyxsy = (0,1,1,0,0,0)
Vo(xrxs) = V0yayayal = (0,1,1,1,0,0)

Vy((y2y39a)) = Vixpazxaxs) = 0,1,1,1,1,0)

1. BICLIQUES IN BIPARTITE GRAPHS

Definition 3.1. A bicliqgue in a bipartite graph
G=(L,R; p) is a subgraph of G induced by the sets U,V
such that U € L,V € Rand U XV < p. This biclique is
denoted by (U, V).

A bipartite graph G= (L, R; p) generates a polarity
defined by the relation p between L and R. Namely, we
have:



Journal of Advances in Information Technology Vol. 13, No. 3, June 2022

¢,(X) = {y €ER|{x,y} € p forevery x € X}
Y,(Y) ={x €L|{x,y} €Epforeveryy €Y}

Theorem 3.2. Let G = (L, R; p) be a bipartite graph. A
pair of sets (U,V), where U € Land V < R is a biclique
in G if and only if V < ¢,(U) or, equivalently, if U <
Y, (V).

Proof. If (U,V) is a biclique, U XV < p, and this
implies U € ¢,(V) and V < ¢,(U) . Note that these
inclusions are equivalent.

Conversely, suppose that U < 1, (V). The definition of
Y, (V) means that for every x € U we have x € ¥, (V),
hence U XV < p.

Definition 3.3. Let B, = (X;,Y;) and B, = (X,,Y,) be
two bicliques in a bipartite graph G=(L, R; p). We write
B; £ B, (and we say B, contains B;) if X; € X, and ¥; €
Y,. A biclique (B, B") is maximal if there is no biclique
distinct from (B, B") that contains (B, B).

There are two variants of the maximal biclique problem;
the vertex maximum biclique problem that seeks to find a
biclique (U,V) such that |U| + |V| is maximal, and the
edge maximum biclique problem that seeks to find a
bicligue with the largest number of edges. The first
problem can be solved in polynomial time (see, for
example the problem GT24 in [15]); the second problem is
NP-complete as shown in [16].

Theorem 3.4. If (¢,,1,,) is a polarity on the sets L and
R, then:

¢p (l/)p (¢p X)) = ¢p(X)

and
l/)p (¢p (l/)p ™)) = lpp )

Proof. As we noted, we have X < y,(¢,(X)) hence
b, (X) 2 ¢,(W,(¢,(X))) The reverse inclusion follows
by substituting ¢, (X) for Y in Equality (4), which implies
the first inequality of the theorem. The proof of the second
equality is similar.

Theorem 3.5. Let G= (L, R; p) be a bipartite graph. A
pair of sets of vertices (X,Y) is a maximal biclique if
¢,(X) =Y and y,(Y) = X.

Proof. Let ¢,(X) =Y and ¥, (Y) = X. Clearly, (X,Y)
is a biclique. Suppose that (X,Y) is not maximal and let
(U,V) be abicliguesuchthat X c UandY c V.

Since (U,V) is a biclique, we have V < ¢,(U). Next,
we have ¢,(U) € ¢,(X) because X € U. Finally,
¢(X) =Y by hypothesis, hence VV € X. Since we assumed
the reverse inclusion, we have X = V. Similarly, Y = U,
so (X,Y) is indeed a maximal biclique.

Conversely, suppose that (X,Y) is a maximal biclique.
Since (X,Y) is a biclique we have Y € ¢,(X) and X <
Y, (Y) by Theorem 3.2. Thus, (X,Y) is contained in the
biclique (¢, (Y), ¥, (X)). By the maximality of (X,Y) we
have Y = ¢,(X) and X = 1, (Y).

Corollary 3.6. In a bipartite graph G=(L,R; p) the
maximal biclique generated by a set of vertices S € L is a
pair of sets B; = (U, V) given by:

© 2022 J. Adv. Inf. Technol.

V=0¢,(5)and U = ,($,(S))

The maximal biclique generated by a set of vertices T <
R is the pair of sets BT = (U, V) given by:

U= lpbp (MandV = ¢p (wp ()
Proof. For S € L,V = ¢,(5), U = 1, (¢,(S)) we have:

¢P(U) = ¢p(lpp(¢p(s))) = d)p(s) =V
(by the first equality of Theorem 3.4)
1pp(V) = wp (¢p(5)) =U

which shows that (U, V) is the maximal biclique generated
by S by Theorem 3.5. The argument for T is entirely
similar.

Corollary 3.7. The following statements are equivalent:

(1) (X,Y) is a maximal biclique

(2) (vx * B,) * By = vy and vy * B, = vy;

() (vy *By) * B, = vy and vy * B) = vy

Lemma 3.8. Let G = (L, R; p) be a bipartite graph. For
any set of sets {Sy,S,, ..., S}, 2 < k < 2!t where S; c L,
forany 1 <i <k, satisfying S; c §; forany 1 <i <j <
k, we have:

¢p(Sl) 2 ¢p(52) =2 d)p(sk)

For any set of sets {T}, Ty, ..., T,y }, 1 < m < 2RI where
T; c R, forany 1 < i <m, satisfying T; c T; forany 1 <
i <j < m,wehave:

Yp(T) 2 9,(T2) = .. 2 9, (Tip)

Proof. It results from the fact that
¢p(S) = Nses ¢p({s})
lpp(T) = ntET lpp({t})

IV. RECOMMENDATION SYSTEMS AND BICLIQUES

Assume that for a bipartite graph G = (L,R;p), L
represents a set of users, R represents a set of items, and
that we have an edge between a user u € R and an item
v € R when user u likes item v. The existence of a large
biclique containing user u means the preferences of user u
are spread across a large number of users and items. The
more preferences the user has and the more users share
these preferences, the more central this user is.

An item has a higher connectivity if users that like this
item share a large number of preferred items.

Definition 4.1. Let G=(L, R; p) be a bipartite graph. The
biclique connectivity of a set of vertices S < L is given by:

s = [Yp(@p()] - ¢, (S)]
Similarly, the biclique connectivity of a set of vertices
TCSRis:
¢ = [, (D] - 1 (W (T))]

We refer to c(,, as the biclique connectivity of u € L;

similarly, ¢ is the biclique connectivity of v € R.
Example 4.2. Let G=(L,R;p) be the bipartite graph
given in Fig. 1. Vertex x; generates the maximal biclique
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({1, x4}, {V1,¥3, ¥4}). The biclique connectivity of x; is
given by:
C{xl} =2:-3=6

In the same bipartite graph, the set of vertices {x,, x,}
generates the maximal biclique ({x,, x,}, {ys}). Thus, the
biclique connectivity of the set {x,, x,} is given by:

C{xZ’x‘}} =2:-1=2

The higher the connectivity of a set of users, the more
popular a large number of items liked by these users are
among a large number of items and users.

Let G=(L, R; p) be a bipartite graph where L represents
a set of users, R represents a set of items, and p is a set of
edges representing the likes. A set of users has a large
biclique connectivity when the given users share a large
number of common likes, or their common liked items are
liked by a large number of other users. Similarly, a set of
items has a large connectivity value if a large number of
users like all these items, or there are many other items that
are all liked by the users who like the items from the given
set.

There are cases in which we would like to know when a
set of users have many common likes, or when a set of
items are commonly liked by a large number of users. We
can consider that the more common preferences some
users have the more alike those users are. And for a given
set of items, the more users like all these items, the more
things in common these items have. Hence, we introduce
a notion of similarity between a set of vertices that uses
only one side of the maximal biclique generated by that set.

Definition 4.3. Let G=(L, R; p) be a bipartite graph. The
biclique similarity of a set of vertices S € L is given by:

Ss = |¢p(s)|
The biclique similarity of a set of vertices T € R is:
sT = |l/)p(T)|

Lemma 4.4. Let G=(L,R; p) be a complete bipartite
graph. The biclique connectivity of any set of vertices S <
L,S #+ @ is given by:

cs = |L| - |R|

Similarly, the biclique connectivity of any set of vertices
TSRT=+0is:
c" =IL|-|R|

Proof. It results from the fact that all vertices from L are
connected to all vertices from R. This means that the
maximal biclique generated by any sets of vertices either
in L or in R is the complete bipartite graph itself.

Lemma 4.5. Let G=(L,R; p) be a complete bipartite
graph. The biclique similarity of any set of vertices S ©
L,S #+ @ is given by:

ss = |R|

Similarly, the biclique similarity of any set of vertices
TSRT=#0Qis:
sT =|L|

Proof. It results from the fact that all vertices from L are
connected to all vertices from R. This means that the
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maximal biclique generated by any sets of vertices either
in L or in R is the complete bipartite graph itself.

Example 4.6. Using the bipartite graph from Fig. 3, we
have the following connectivity measures:

Clrpns) = (X2, %3, X4, x5} - [{V2, 3, ¥4} = 4 -3 = 12
Ciernyy = xn 2} - [}l =2-1=2
Cieyy = X2} - o, %2, x5, 04} = 1-4 =4
Clxy s} = 0
Cirgxs) = (X x5} - 1{y2, 3, Y ¥6}l = 2-4 =8
Ciagy = [{Xa, x5} - {y2, Y3, Vs Y6}l =2-4=8
Clapanst = %2, X3, X4, X5 | - (Y2, 3, ¥4} =4 -3 =12
OV = |y, 1} [}l =2-1=2
02} = 100} - 1{y1, 2, y5, va}l = 1- 4 = 4
cWe = (g, x5, %6} | - [y} =3-1=3
Some of the similarity measures for vertices in L:

S{x1,x23 = |{y1}| =1

Stxyxs) = 0
Strxgy = 0
Stxyxs) = 0
Stryxe) = 0

Speaxsy = {2, ¥3, 743 =3
Speaxgy = V2, Y3, 743 =3
Speaxsy = {2, ¥3, a3l =3
Steaxe) = 0
Speaxg) = {2, V3, 743 =3
Slazxsy = {2, 3, ¥4}l =3
Stez e} = 0
Sixaxs) = V2, Y3, Ve Y6}l = 4
Stxaxe) = W6}l =1
Strsxe} = [V}l =1
Stxpxaxst = [{y2,¥3, ¥4}l = 3
Some of the similarity measures of vertices in R:
siyz} = l{x,} =1
sliys} = l{x,} =1
suyad = |fx,} = 1
struysl = ¢

syvel =

s2yst = |{x,, x3, %4, x5}| = 4

sU294) = |{x,, x5, x4, x5} = 4
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sU23) = |{g}] = 1
s2Y6} = |{x,, x5}| = 2
s3ad = |{x,, x5, x4, x5 }| = 4
s0ash = )| = 1
sUsve) = |{x,, x5} = 2

sayst = |x,| = 1

$0376) = |{ar,, x5} = 2

sWsvel =

We need to determine the order in which to recommend
new items to users. For a given user and a new item, we
compute the average of similarities between the new item
and items we know the given user likes. This will associate
a numerical value to each new item. The new items will be
sorted according to these values in descending order. This
will be the order in which the new items will be
recommended to that given user.

Let G be a bipartite graph represented by biadjacency
matrix B € {0,1}!!XIRl For any pairof u; € Land t; € R
for which bui,tj = 0, the likelihood that user u; will like

item ¢; is given by:

|R| {tr.ti}
k=1kzj S T byt

(u; t;) =
! [R]
Zk=1,k¢j bui'tk

A similar version that uses the biclique similarity
between users instead of the biclique similarity between
items is given below:

L]
D=1 ki Stuug) bukfj

L] b

k=1,k+i

' (u ty) =

uk,tj

Note that for function ¢, we would need user u; to have
liked at least one item, and for £’ we would require the
item ¢; to be liked by at least one person. Otherwise the
denominator of the two fractions would be zero. This is
related to the cold start problem. One possible solution
could be to temporarily assign a small number of random
likes to any new users and new items.

Example 4.7. Using the bipartite graph G=(L,R; p)
from Fig. 3, where L represents a set of users and R
represents a set of items, some of the likelihoods are given
below.

Using the similarity between items we get:

s1yel 4 glvavel 4 glvavel 4 gVavel
4

—6—15
==L

£(x2,¥6) =
_ 0+2+2+2

4
sv1ye} 0

tye) = ——=7=0

This means that between user x; and user x,, user x, is
more likely to like item y,. While the likelihood that x,
will like item 1y, is 1.5, the likelihood that user x; likes the
same item is 0.

Using the similarity between users, we have:
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Sxpxa) T Stapxs) T Sy x6)

t'(x2,¥6) = 3
3+3+0
= T =
Py y,) = SEaxa) + S{xgxs} 1 Syxe)
0+0+0

Same as with the similarity between items, when using
the similarity between users, there is a likelihood of 0 that
user x; will like item y,. The likelihood that user u, will
like item y4, is higher than when using the similarity
between items.

Definition 4.8. Given a bipartite graph G=(L,R; p),
where L is a set of users, R is a set of items., and p is a set
of edges representing likes. p induces a set of sets of liked
items given by:

likes(L) = {¢p(w)|u € L}

Definition 4.9 Given a bipartite graph G=(L,R;p),
where L is a set of users, R is a set of items, and p is a set
of edges representing likes. A chain C = {C,, ..., C;},
where 2 <k < |likes(L)| , is an ordered subset of
likes (L) with property:

Ci © Ciyq
forany1<i<k

C is a maximal chain, if no other chain C' o C can be
formed from likes(L).

Note that C' o C, if C' # C and all elements of C are
presentin C'.

The likes of a user will be part of at least one chain if
they are either a proper subset or proper superset of the
likes of at least one different user. The set of likes of a user
u will be the first element in a chain, if there is at least
another user whose likes are a proper superset of the user
u’s likes. The set of likes of a user u will be placed in the
last position of a chain if there is at least one user whose
likes are a proper subset of the user u’s likes. The likes of
a user u will be placed in the middle of a chain, if there is
at least one user whose likes are a proper superset of user
u's likes, as well as at least one another user whose likes
are a proper subset of user u's likes.

Example 4.10. Let G=(L, R; p) be the bipartite graph
from Fig. 1, where L represents a set of users and
R represents a set of items. We have:

likes(L) = {{v1, ¥3, Y4}, {¥2, ¥s5}
1Y, Y 1 Y3 Yar Y513

This set contains chain ({yy,¥s, ¥4}, {¥1, V3, V&, Vs 1)
which is a maximal chain.

Example 4.11. Let G=(L, R; p) be the bipartite graph
from Fig. 2, where L represents a set of users and
R represents a set of items.

We have:

likes(L) = {{y2}, {y1, y23}

This set contains chain ({y,}, {y1,y-.}), which is a
maximal chain.
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Example 4.12. Let G=(L, R; p) be the bipartite graph
from Fig. 3, where L represents a set of users and R
represents a set of items.

We have:

likes(L) = {{y1}, V1, Y2, Y3, Ya {V2, V3, Var Vs }

{2, Y3, Va, Y63 {ve}}
The set contains two chains, each of them of length two,
given by:
(1} 1 v2, Y3, YD)
(e} (V2 Y3, Y4 Y6 1)

Both chains are maximal.

This notion of chains might be useful when analyzing a
bipartite graph. We plan to investigate this notion and see
how it relates to association rules for items.

We introduce next the Biclique Similarity Ordering
Recommendation (BISOR) Algorithm, a technique that

determines the order in which to recommend items to users.

Algorithm 4.1: The BISOR Algorithm.

input :biadjacency matrix B representing likes of users L to items R;
output: A map that contains an ordered set of items for each user.

1 begin

2 usersOrderedRecommendations = empty map of format
Map < User, OrderedSet < Item >>;

3 // get recommendations for each user

4 for user in L do

5 newltems = getUserNewlItems (B, user)

6 Map < Item,value > likes = empty map;

7 for item in newltems do

8 likes.put(item, £(user, item))

9 // or likes.put(item, £'(user, item))

0 end

1 likes = orderByValueDesc(likes);

2 usersOrderedRecommendations.put(user,

3 likes.keySet())

4 end

5 return usersOrderedRecommendations;

6 end

V. EXPERIMENTAL RESULTS

We present experimental results for the version of the
algorithm that uses the similarity between items. The
algorithm was implemented in Java.

Offline validation techniques were used to verify our
recommendation algorithm. The steps are straightforward:
we remove a number of likes, we run the recommendation
algorithm, and then we validate against the likes we have
removed.

For the step that selects the likes to be removed we
propose two methods:

Sampling-Method 1: We randomly select a percentage
of users. For each user from that set, we remove a number
of likes (i.e. edges) only if that user contains a given
minimum of preferences (i.e. edges). In the experiments
presented below, if the selected user had at least five likes,
we randomly removed two of them.

Sampling-Method 2: We randomly remove a percentage
of edges representing likes.

The recommendation algorithm we propose determines
the order in which to recommend other items to users. The
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recommendation algorithm looks at what positions in the
ordered recommendation list are the likes we have
previously removed. The position in the list is not enough
for validation. Recommending an item at position 5 out of
10 is not the same as recommending an item at position 5
out of 1000. Therefore, we look at the normalized index
of the items in the ordered list of recommendations. For
example, if we recommend 1,000 items to the user, and a
given item is at position 5 in the ordered list, we say that
the normalized index of this item is 5/1000 = 0.005. The
smaller the average of the normalized index across all
validated likes is, the better the recommendation system.
A normalized index, named r, is used in [9] to validate the
recommendation result.

We present experimental results run on three real-world
datasets. Each experiment was run 10 times. We present
the min, max and average values of the measurements
across all runs. We compared the validation results
obtained by running our BISOR algorithm, with the results
obtained by running one of the most widely used
Collaborative Filtering (CF) algorithm [17], [18], [9]. We
implemented the CF algorithm using their proposed
method with similarity between items.

The Sushi dataset [19] contains 5000 users and 100
types of sushi. The original dataset contains the ratings
given by users to different types of sushi. Ratings €
{0,1,2,3,4} , with 0 representing a dislike, and 4
representing a like. We created the biadjacency matrix of
likes by taking into account only ratings greater than 2.
The resulted matrix contains an edge between a user and a
sushi type if that user rated that sushi with a 2, a 3 or a 4.
Table | presents experimental results using both Sampling-
Method 1 and Sampling-Method 2, which shows BISOR
algorithm performed substantially better than the CF
algorithm.

TABLEI.  SusHI DATASET
Sampling-Method 1 — 10 runs
No. Likes BISOR Avg. Ngrfngl‘i’ge J
Validated Normalized Index
Index
10% avg = 965 avg = 0.2298 avg = 0.7319
Users min =952 min = 0.22 min =0.7191
max = 980 max = 0.2365 max = 0.7445
Sampling-Method 2 — 10 runs
10% avg = 4142 avg = 0.2255 avg = 0.7348
Edges min = 4142 min =0.2193 min =0.7292
max = 4142 max = 0.2305 max = 0.7402

MovieLens 100k Dataset [20] contains about 100k
ratings between 943 users and 1682 movies. Ratings €
{1,2,3,4,5} , with 1 representing a dislike, and 5
representing a like. We created the biadjacency matrix of
likes by taking into account only ratings > 3. Table Il
presents experimental results, which shows BISOR
algorithm performed better than the CF algorithm. When
using Sampling-Method 1, the average normalized index
across all runs was 0.104 for BISOR and 0.2127 for CF
algorithm. For Sampling-Method 2, the averages were
0.1166 for BISOR and 0.2153 for CF.
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TABLE Il. MOVIELENS 100K DATASET
Sampling-Method 1 — 10 runs
No. Likes BISOR Avg. Ngr;';‘i’ge §
Validated Normalized Index
Index
10% avg = 188 avg = 0.104 avg = 0.2127
Users min = 188 min = 0.0881 min =0.1908
max = 188 max = 0.1277 max = 0.2271
Sampling-Method 2 — 10 runs
10% avg = 8252 avg = 0.1166 avg = 0.2153
Edges min = 8252 min=0.1141 min =0.2096
max = 8252 max =0.119 max =0.2192

MovieLens 1 Million Dataset [20] contains 6040 users,
3952 movie titles and about 1,000,000 ratings. Ratings €
{1,2,3,4,5}, with 1 representing a dislike, and 5
representing a like. We created the biadjacency matrix of
likes by taking into account only ratings = 3. Table IlI
presents experimental results, which shows BISOR
performed substantially better than the CF algorithm.

TABLE IlIl. MOVIELENS 1 MILLION DATASET

Sampling-Method 1 — 10 runs
No. Likes BISOR Avg. Ngrfn':‘l‘i’ge d
Validated Normalized Index Index
10% avg = 1207.2 avg = 0.0969 avg = 0.4681
Users min = 1204 min = 0.0864 min =0.4603
max = 1208 max = 0.1063 max = 0.4786
Sampling-Method 2 — 10 runs
10% avg = 57528 avg = 0.0971 avg = 0.4581
Edges min = 57528 min = 0.0965 min =0.4571
max = 57528 max = 0.098 max = 0.4591

The experimental results run on all three real-world
datasets show better results for BISOR algorithm than for
one of the most widely used collaborative filtering
algorithm. BISOR performed significantly better on the
Sushi dataset and MovieLens 1 million dataset and slightly
better on the MovieLens 100k dataset. BISOR algorithm
showed a more consistent performance across multiple
datasets, with an average normalized index in 0.08x to
0.23x range across all runs. For the CF algorithm, the
performance varied substantially from one dataset to
another, with a best average normalized index in 0.19x to
0.22x range for MovieLens 100k, an average normalized
index in the range of 0.45x to 0.47x for MovieLens 1
million, and 0.7 1x to 0.74x range for Sushi dataset.

VI. CONCLUSION AND FUTURE WORK

The notion of maximal biclique generated by a set of
vertices in a bipartite graph and a measure of biclique
similarity are applied to the formulation of the Biclique
Similarity Ordering Recommendation (BISOR) Algorithm,
a method that leverages the connectivity patterns within a
bipartite graph of likes to determine the order in which to
recommend items to users. Our approach is using polarities
generated by binary relations.

We validated our findings using three real-world
datasets: Sushi, MovieLens 100k and MovieLens 1 Million.
Compared with one of the most widely used Collaborative
Filtering (CF) algorithm, the BISOR algorithm performed
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substantially better on the Sushi and MovieLens 1 million
datasets and slightly better on the MovieLens 100k dataset.
We are seeking to extend this approach to incorporate
users’ dislikes. We would also like to further investigate
whether giving more weight to items/users with high
biclique connectivity would improve our algorithm. We
also plan to further investigate how the notion of chains in
bipartite graphs could be used when analyzing a bipartite
graph and the association between different vertices.
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