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Abstract—Betweenness centrality of a set of vertices is a 

measure of centrality in a graph based on the notion of 

geodesics between vertices. Starting from betweenness 

centrality of vertices a similar measure can be defined on sets 

of vertices which allows us to determine the control of the 

flow of information that these sets have within a network. We 

introduce the notion of saturated betweenness centrality set, 

as a set with a positive betweenness centrality, such that its 

betweenness centrality is greater than the betweenness 

centrality of any proper subset and is smaller or equal than 

the betweenness centrality of any possible superset. We 

examine various properties of saturated betweenness 

centrality sets. These findings allow us to introduce an 

algorithm aiming to detect sets of vertices of minimal size that 

have a high level of control of flow of information. We 

provide some experimental results run on artificial and on 

several real-world networks.  

 

Index Terms—saturated betweenness centrality set, social 

networks, biological networks, network control algorithm 

 

I. INTRODUCTION 

Vertex centralities are measures that quantify the 

importance of a vertex within a network. There are 

different types of vertex centrality: degree centrality, 

eigenvector centrality, closeness centrality, and 

betweenness centrality to name a few. The betweenness 

centrality of a vertex was first introduced in [1], and 

formalized in [2]. It counts the number of shortest paths 

between any other two vertices that pass through that 

vertex.  

A fast algorithm for computing the betweenness 

centrality is introduced in [3] enabling the usage of this 

centrality method on a larger scale. To speed up the 

betweenness centrality computations in large networks, 

algorithms that approximate the betweenness centrality 

have been introduced. A distributed-memory algorithm, 

named Min Rounds BC (MRBC) to efficiently compute the 

betweenness centrality is introduced in [4]. There are 

algorithms, such as [5], that approximate the shortest paths 

when calculating the betweenness centralities. Other 

algorithms approximate the betweenness centrality by 

calculating only a subset of the shortest paths. One such 

algorithm is presented in [6]. ABRA (Approximating 

Betweenness with Rademacher Averages) [7], a family of 

algorithms  based  on  progressive  sampling,   is   another 

 

example. A Graph Neural Network (GNN) approach to 

approximate the betweenness centrality is proposed in [8]. 

GNN was also used to identify vertices with high 

betweenness centrality [9]. In [10], [11] some other 

techniques to approximate the betweenness centrality are 

proposed. Several algorithms that approximate the 

betweenness centrality are compared in [12], [13]. 

Recomputing the betweenness centrality after removal of 

nodes in large graphs can be computationally expensive. 

An algorithm that approximates the interactive 

betweenness centrality was introduced in [14].  

The betweenness centrality for the cartesian products of 

graphs is investigated in [15]. The authors discuss several 

types graphs, such as grid, hypercube, Hamming graphs, 

which can all be written as cartesian product of graphs. In 

[16], the betweenness centrality in different classes of 

graphs is examined. 

Changes in the graph topology, such as updating, 

inserting or deleting vertices or edges, could cause changes 

in the betweenness centrality. Recomputing the 

betweenness centrality for each vertex can be 

computationally expensive. Several dynamic algorithms 

for calculating the betweenness centrality in evolving 

graphs were introduced [17]-[22]. A temporal graph is a 

graph that has a fixed set of vertices, and its edges vary 

over a discrete set of time steps. Different variants of 

betweenness centrality for temporal graphs are 

investigated in [23]. 

The betweenness centrality has applications in several 

domains such as networking, medicine [24] and social 

networks. In [25], four centrality measures (i.e. degree, 

eigenvector, closeness and betweenness), have been 

interpreted in the context of diffusion of information, 

concluding that the betweenness and closeness measures 

do not work well for quantifying a vertex diffusion's 

capabilities. Instead, betweenness centrality is seen as 

measuring the extent to which a vertex facilitates the flow 

between other vertices that diffuse information.  Thus, the 

betweenness centrality can be seen as a measurement of 

the control a vertex has on the flow of information within 

that graph or network [26]. In a social network or a 

computer network, information between two persons or 

two nodes (represented as two vertices in the graph) can 

travel across any existing paths between those persons or 

nodes. 

The betweenness centrality assumes the information 

travels via the shortest paths. Thus, in a social network, the Manuscript received December 12, 2020; revised July 21, 2021.
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higher the betweenness centrality of a person, the more 

flow of information that person controls. Three flow-based 

centrality measures have been introduced in [27]. These 

differ from the betweenness centrality in two ways: the 

edges in the graph can be weighted, and instead of using 

the shortest path, these measurements can use all 

independent paths within the graph. In [28] the author 

defines the random-walk betweenness centrality, which is 

a modified version of the betweenness centrality, where 

instead of assuming that the messages travel via the 

shortest paths, the assumption is that the messages would 

randomly take any path, by performing a random walk.  In 

a real world scenario, the messages routing would 

probably fall between taking the shortest path and 

performing a random walk. Some experiments in [28] 

show that the two approaches give similar results. In [29], 

the authors propose two betweenness centralities methods 

based on Randomized Shortest Paths (RSP) [30], [31] 

framework, which compromises between the shortest and 

random paths in an optimal way.  

A topology of network flow based on two dimensions is 

introduced in [32] as an aid in determining which centrality 

measures work better for different network flow use cases. 

The two dimensions are: node-to-node transmission, and 

trajectory. The node-to-node transmission has to do with 

whether the message diffusion occurs via replication (i.e. 

copy) or transfer (i.e. move), and whether this transmission 

occurs serially or in parallel. Therefore, the three possible 

values for this dimension are: serial duplication, parallel 

duplication, and transfer. The second dimension, the 

trajectory, takes into consideration whether the traffic 

flows non-deterministically, having four possible values: 

geodesics, paths, trails, and walks. In [32], the relationship 

between this topology and some centrality measures is 

examined. This can be helpful in determining which 

centrality approach would work best on different scenarios. 

For example, while betweenness centrality might be a 

better fit for a package delivery process network, the 

degree centrality might work better for the diffusion of a 

gossip using a topology that involved parallel duplication 

and walk trajectory. In [33], the degree, the betweenness 

and the eigenvector centralities are used to examine 

whether the time-related performance of a distribution 

network (i.e. supply network) is influenced by the network 

topology. While the betweenness centrality might indicate 

nodes that control important material flow, the degree 

centrality might indicate nodes that have a large 

operational load, and the eigenvector centrality might 

indicate nodes that are crucial due to their connections to 

other nodes.  Based on the experiments, the authors 

conclude that the degree centrality seems to be associated 

with time-related performance issues. The betweenness 

and eigenvector centralities do not seem to significantly be 

associated with time-related performance issues. 

Centrality measures can also be applied to sets of 

vertices. In [34] the authors talk about degree, closeness, 

betweenness, and flow betweenness centralities applied to 

groups of individuals. In [35], the authors introduce the 

Routing Based Centrality for single vertices, ordered 

sequences of vertices and sets of vertices. Given a loop-

free routing scheme, Routing Based Centrality measures 

the degree to which vertices are exposed to network traffic. 

Flow of information within a network is very important.  

In [36], the authors show that brain networks evolve by 

maximizing their information flow capacity. Flow 

Authority Model [37] uses degree discount and maximum 

degree heuristics to maximize information spread within a 

network. 

We examine the notion of betweenness centrality of a 

set of vertices, which measures the amount of control of 

flow of information those vertices exercise as a group. 

Adding or removing a vertex to/from an existing set of 

vertices can increase, decrease or leave unchanged the 

betweenness centrality of that set.  We are interested in 

finding associations of vertices which exhibit a high 

betweenness centrality.  We introduce the notion of 

saturated betweenness centrality set as a set whose 

association exhibit a maximal control of flow of 

information. Such a set represents an association of 

vertices in which all its members positively contribute to 

the control of information, and which can not be further 

increased by adding additional vertices. Verifying all 

possible combinations of vertices is prohibitively 

expensive. Therefore, optimization techniques must be 

used. Some properties of these sets allowed us to introduce 

an optimized algorithm that significantly reduces the 

search space to find saturated betweenness centrality sets 

as well as the largest betweenness centrality association of 

sets up to a given size. 

Grouping or clustering vertices also has applicability in 

other areas besides controlling the flow of information in 

a graph.  Detecting communities within a social network is 

an example where such a grouping could be used. 

In social networks, a clique [26], [38]-[40] is a maximal 

complete subgraph in a graph G = (V,E). As the definition 

of a clique is too strict for most cases, the notion of k-clique 

[39] was introduced. In a graph G(V,E) with |V| = n vertices, 

a k-clique is defined as a set of vertices M ⊂ V, with |M| ≥ 

3, such that between any two vertices in M there is at least 

one path having length at most k. Note that a proper subset 

of an k-clique is not a k-clique. However, multiple k-

cliques can overlap. We can observe that the considered 

paths between two vertices of a k-clique M can contain 

vertices in V - M. If a graph G contains a k-clique M this 

has no impact on the connectedness and the diameter of the 

subgraph induced by M [38]. This suggests the notions of 

k-clan (also called sociometric k-clique) [38], [41], and k-

club [41]. These are just a few examples on how sets of 

vertices could be characterized or grouped according to the 

structure of the subgraph they form. For a graph G = (V,E), 

the approach proposed in this paper is not mainly focused 

on the connection properties between vertices from a 

subset S ⊂ V. Instead, it is focused on the role vertices 

from S play in the connections between vertices in V - S. 

In Section II we define the betweenness centrality of a 

set of vertices. Next, we introduce the notion of Saturated 

Betweenness Centrality (SBC) set. Section IV presents an 

algorithm for detecting SBC sets, as well as sets with 

highest control of flow of information for sets of up to a 

given size. Next, in Section V, we provide some 
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experimental results from running the algorithm in some 

real-world networks.  We conclude with Section VI which 

contains final remarks and discusses possible future work.  

The current paper is an extended version of a paper we 

presented at the ICISDM 2020 conference [42]. 

II. BETWEENNESS CENTRALITY OF SETS OF VERTICES 

Definition 2.1: Let G = (V, E) be an undirected graph 

without multiple edges. A geodesic between two vertices 

𝑣1, 𝑣2 ∈ 𝑉 is a shortest path between those vertices. 

The number of distinct geodesics between vertices s and 

t is denoted by 𝜎𝑠𝑡 . The number of distinct geodesics 

between vertices s and t that pass through at least a vertex 

in set of vertices S, 𝑆 ⊆  𝑉 is denoted by 𝜎𝑠𝑡(𝑆). Note that 

if no path exists between two vertices s and t (seen in the 

case when the graph has multiple connected components), 

then 𝜎𝑠𝑡 is not defined. 

Next we define the betweenness centrality of sets of 

vertices. Note that this definition reduces to the definition 

of Group Betweenness Centrality introduced in [34]. 

Definition 2.2. Let G = (V, E) be an undirected graph 

with |V|3. The betweenness centrality of a set of vertices 

S, where S is a strict subset of V and 1  |S|  |V| - 2, is 

given by 

𝐶𝐵(𝑆) = ∑
σ𝑠𝑡(𝑆)

σ𝑠𝑡
𝑠,𝑡∈𝑉−𝑆,𝑠<𝑡

 

When S={v}, the betweenness centrality of the singleton 

{v} reduces to the sum of ratios of the number of geodesics 

passing through v and the total number of geodesics 

linking two distinct nodes in V-{v}, which is the classical 

definition of betweenness centrality of a vertex [2]. 

Note that we do not consider shortest paths that start or 

end with a vertex in S. Also, if one or more vertices from 

S are present on the same geodesic path between two other 

vertices, we only account for their presence once. 

Therefore, it does not make a difference if on a geodesic 

path we have a single vertex from S or multiple vertices 

from S. 

Given a graph G = (V, E), with n vertices, the upper 

bound for betweenness centrality of a vertex equals 

(
𝑛 − 1

2
) =

(𝑛 − 1) ⋅ (𝑛 − 2)

2
 

Because in a graph with n vertices there exist a total of 
𝑛⋅(𝑛−1)

2
 shortest distances, and we are left with (𝑛−1

2
) 

possible shortest distances that can pass through one vertex. 

Definition 2.3. A star graph is a graph of n vertices, |n| 

 3, where one vertex has degree n-1, and the rest of the 

vertices have degree 1. 

Only star graphs have vertices with betweenness 

centrality equaling the upper bound defined above. In such 

a graph, G = (V, E), the vertex with maximum betweenness 

centrality is unique, and it is the vertex with degree |V| - 1. 

Note that if S is a subset of the set of vertices of a graph 

G = (V,E) with n vertices and |S| = k, we have 𝐶𝐵(𝑆) 

(𝑛−𝑘
2

)because the number of geodesics between points 

outside S is (𝑛−𝑘
2

) and this is the maximum number of 

geodesics that can pass through S. Since 𝐶𝐵(𝑆) =

∑
𝜎𝑠𝑡(𝑆)

𝜎𝑠𝑡
𝑠,𝑡∈𝑉−𝑆,𝑠<𝑡 , it follows that CB(S)(n−k

2
). 

 
 (a) 

 
 (b) 

 
 (c) 

Figure 1. Examples of graphs. 

Below we give some examples of computations of 

betweenness centrality of sets of vertices. Given a graph G 

= (V, E), when we add a new vertex 𝑥 ∈ 𝑉  to a set of 

vertices 𝑆 ⊂ 𝑉 − {𝑥}, we can increase, reduce, or leave 

unchanged the betweenness centrality of set S. 

Example 2.4. Given the graph from Fig. 1(a) we have 

the following betweenness centralities of single vertices: 

𝐶𝐵({1}) = 0, 𝐶𝐵({2}) = 3, 𝐶𝐵({3}) = 5, 𝐶𝐵({4}) = 0 

𝐶𝐵({5}) = 0, 𝐶𝐵({6}) = 0, 𝐶𝐵({7}) = 1, 𝐶𝐵({8}) = 0 

Table I shows cases when the betweenness centrality of 

a set increases, decreases or stays the same when a new 

vertex is added to that set: 

TABLE I. EXAMPLE 2.4 

Set S {x} 𝐶𝐵(𝑆) 𝐶𝐵({𝑥}) 𝐶𝐵(𝑆 ∪ {𝑥}) 

{2} {7} 3 1 4 

{2} {3} 3 5 3 

{2} {1} 3 0 0 

{2,3} {8} 3 0 3 
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Example 2.5. In this example we use the graph from Fig. 

1(b). Below we have the betweenness centralities of 

vertices: 

𝐶𝐵({1}) = 3.5, 𝐶𝐵({2}) = 1, 𝐶𝐵({3}) = 0.5, 𝐶𝐵({4}) = 1 

𝐶𝐵({5}) = 0, 𝐶𝐵({6}) = 0, 𝐶𝐵({7}) = 1, 𝐶𝐵({8}) = 0  

The betweenness centralities when adding a new vertex 

to existing sets, are presented in Table II: 

TABLE II. EXAMPLE 2.5 

Set S {x} 𝐶𝐵(𝑆) 𝐶𝐵({𝑥}) 𝐶𝐵(𝑆 ∪ {𝑥}) 

{3} {2} 0.5 1 0 

{2,4} {5} 2 0 1 

{2,4} {6} 2 0 2 

 

Example 2.6. For the graph shown in Fig. 1(c), the 

single betweenness centralities are: 

𝐶𝐵({1}) = 0, 𝐶𝐵({2}) = 3, 𝐶𝐵({3}) = 0 

𝐶𝐵({4}) = 3, 𝐶𝐵({5}) = 0 

Table III contains some examples of what can happen 

when two vertices are associated: 

TABLE III. EXAMPLE 2.6 

Set S {x} 𝐶𝐵(𝑆) 𝐶𝐵({𝑥}) 𝐶𝐵(𝑆 ∪ {𝑥}) 

{1} {2} 0 3 0 

{1} {4} 0 3 2 

{2} {4} 3 3 3 

III. SATURATED BETWEENNESS CENTRALITY SETS 

Next, we introduced the notion of saturated 

betweenness centrality set. 

Definition 3.1. A saturated betweenness centrality set 

(shortened as SBC set) in a graph G = (V, E) is a subset S 

of V, |S|  |V| - 2, having 𝐶𝐵(𝑆) > 0, such that: 

1) 𝐶𝐵(𝑆) > 𝐶𝐵(𝑇)for every proper subset T of S, and 

2) 𝐶𝐵(𝑆)𝐶𝐵(𝑈) for every superset U of S. 

Note that multiple SBC sets can overlap. 

We observe that for any graph G = (V, E) and a saturated 

betweenness centrality set S in G, each vertex from S 

contributes with a positive value to the betweenness 

centrality of S. 

Theorem 3.2. Given a graph G = (V, E) and a saturated 

betweenness centrality set 𝑆 = {𝑣1, … , 𝑣𝑘} we have: 

CB({v1}) < CB({v1, v2}) < ⋯ < CB({v1, … , vk−1})
< CB(S) 

regardless of the order of the indices of vertices. 

Thus, for 𝑆′′ ⊂ 𝑆′ ⊂ 𝑆  we have 𝐶𝐵(𝑆′′) < 𝐶𝐵(𝑆′) . 

Furthermore, if 𝑍 ⊆ 𝑉has a subset U with CB(U)CB(Z), 

then Z is not an SBC set or a subset of an SBC set. 

Proof: Since each vertex from S contributes with a 

positive value to the centrality of S, each time we add an 

element, the betweenness centrality of the newly formed 

set increases. 

Note that the above observations exhibit a recursive 

property. Any set S is an SBC set if all subsets of size |S| - 

1 have a betweenness centrality greater than any of their 

subsets, and then all their subsets of size |S| - 2 satisfy the 

same property, and so on, until we get to sets of size one. 

Theorem 3.3. For a graph G = (V, E) and 𝑘 ∈ 𝑁, where 

k  |V| - 3, the largest betweenness centrality set among 

sets of size up to k is either an SBC set or a subset of an 

SBC set of size greater than k. When k = |V| - 2, the largest 

betweenness centrality set is an SBC set. 

Thus, the largest betweenness centrality set is an SBC 

set. A complete graph is a graph in which there is an edge 

between any two vertices belonging to that graph. 

Theorem 3.4. For an unweighted complete graph G = (V, 

E) we have 𝐶𝐵(𝑣) = 0  for any vertex 𝑣 ∈ 𝑉 . We also 

have 𝐶𝐵(𝑆) = 0 for any set of vertices S  V where |S|  

|V| - 2. Furthermore, this means we have no SBC sets. 

Proof: Since any vertex is directly connected to any 

other vertex from the graph, and the edges are unweighted, 

it means that the shortest path between any two vertices is 

via the edge that connects them. Therefore, the shortest 

paths do not contain any intermediate vertices. 

IV. DETECTING SATURATED BETWEENNESS 

CENTRALITY SETS  

For a given undirected graph G = (V, E), we would like 

to find all saturated betweenness centrality sets. 

Considering all possible combinations and verifying for 

each of them the properties of the saturated betweenness 

centrality set, is prohibitively expensive. In this section we 

provide an optimized algorithm which reduces the search 

space, making it scalable for larger graphs. 

Using the findings from Section III, when searching for 

SBC sets, we start from sets of size one and build up 

towards larger SBC sets. Using Theorem 3.2 it follows that 

if the betweenness centrality of a set S is not greater than 

the betweenness centrality of every subset of size |S| - 1, 

then S and all its supersets cannot be SBC sets. Therefore, 

no superset of S will be considered when building saturated 

sets of sizes greater than |S|. Using this property, we 

significantly reduce the search space. 

The pseudocode is given in Algorithm 4.1.  

The function searchSatBCSets, shown in Algorithm 4.2. 

searches for SBC sets, getBC returns the BC of a set, while 

extractAllSubsetsOfSizeM1(S) returns a list of all subsets 

of S of size |S|-1. Function generateCandidates generates 

candidate sets of size k. At each step k, we generate 

candidate sets of size k by only expanding candidate sets 

of size k - 1, which are the sets present in prev (i.e. sets of 

size k - 1 that satisfy all checks, and therefore they 

represent either SBC sets of size k - 1, or subsets of SBC 

sets). We keep these sets of vertices ordered. We expand 

an existing set, by adding another vertex that has a larger 

value than all the elements from the set it gets added to. 

Note that during the generation, some techniques such as 

verifying that a couple of subsets of newly generated sets 

are present in subsets prev, could be used to reduce the 

number of candidates. 
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The algorithm can be used to generate SBC sets up to a 

given size, maxSize, as well as sets of size maxSize +1 with 

high BC (these will be either SBC sets or subsets of SBC 

sets of higher size). Sometimes we might not be interested 

in finding the SBC sets, and instead we might be interested 

in detecting sets up to a given size that exhibit the highest 

control of information. For example, if we are interested in 

finding vertices that exhibit the highest control of 

information in sets of four vertices, we could run 

FindSBCSets(A(G), 3, True). This will return all SBC sets 

of size up to three, and all candidate sets of size four that 

satisfy the properties (i.e. they are either SBC sets or 

subsets of SBC sets of size higher than four). The returned 

sets can be sorted based on their betweenness centrality 

value. Note that SBC sets do not benefit from further 

associations with other vertices (when more vertices are 

added to such sets, their BC value will only decrease or 

stay unchanged), but the subsets of higher size SBC sets, 

when associated with other vertices in larger groups might 

exhibit an increase in the BC value. If instead of this, we 

run FindSBCSets(A(G),3, False), the algorithm returns all 

SBC sets of up to size three.  In the algorithm described 

below, sat represents a list containing all candidate SBC 

sets found so far; when the process finishes, this variable 

will contain the output. Variable prev is a map of format 

map <set,𝐶𝐵(𝑠𝑒𝑡)> containing all candidate sets of size k-

1 that passed the checks (i.e. they will be either SBC sets 

or subsets of SBC sets). 

We present below two examples, where we show basic 

checks that are performed at several steps throughout the 

algorithm. Note that not all checks and actions are 

mentioned. 

Example 4.1. Given the graph from Fig. 1(b) we want 

to find the SBC sets. Below we describe the steps of the 

algorithm starting from sets of size 1. Note that at the 

beginning of each step prev variable is instantiated with an 

empty map. 

Step k = 1: sets of size 1. Table IV describes checks 

performed at this step. 

TABLE IV. SOME CHECKS AT K = 1 (EXAMPLE 4.1) 

Set S 𝐶𝐵(𝑆) Checks OK? Actions 

{1} 3.5 𝐶𝐵(𝑆) > 0 yes add S to sat 

{2} 1 𝐶𝐵(𝑆) > 0 yes add S to sat 

{3} 0.5 𝐶𝐵(𝑆) > 0 yes add S to sat 

{4} 1 𝐶𝐵(𝑆) > 0 yes add S to sat 

{5} 0 𝐶𝐵(𝑆) > 0 no n/a 

{6} 0 𝐶𝐵(𝑆) > 0 no n/a 

{7} 1 𝐶𝐵(𝑆) > 0 yes add S to sat 

{8} 0 𝐶𝐵(𝑆) > 0 no n/a 

 

After these checks, we have: 

𝑠𝑎𝑡 = {({1},3.5), ({2},1), ({3},0.5), ({4},1), ({7},1), 
and 𝑝𝑟𝑒𝑣 =  𝑠𝑎𝑡. 

These are the only subsets of size one that will be 

combined to form sets of size two. 

Because size(prev.keys) > 0  we proceed to step k = 2. 

Step k = 2: sets of size 2. 

Table V describes some checks performed at this step. 
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TABLE V. SOME CHECKS AT K = 2 (EXAMPLE 4.1) 

Set S 𝐶𝐵(𝑆) Checks OK? Actions 

{1,2} 2 𝐶𝐵(𝑆) > 𝐶𝐵({1}) 

𝐶𝐵(𝑆) > 𝐶𝐵({2}) 

no n/a 

{1,3} 3 𝐶𝐵(𝑆) > 𝐶𝐵({1}) 

𝐶𝐵(𝑆) > 𝐶𝐵({3}) 

no n/a 

{1,4} 2 𝐶𝐵(𝑆) > 𝐶𝐵({1}) 

𝐶𝐵(𝑆) > 𝐶𝐵({4}) 

no n/a 

{1,7} 4.5 𝐶𝐵(𝑆) > 𝐶𝐵({1}) 

𝐶𝐵(𝑆) > 𝐶𝐵({7}) 

yes remove {1} & {7} 

from sat; add S to 

sat; add S to prev 

{2,3} 0 𝐶𝐵(𝑆) > 𝐶𝐵({2}) 

𝐶𝐵(𝑆) > 𝐶𝐵({3}) 

no n/a 

{2,4} 2 𝐶𝐵(𝑆) > 𝐶𝐵({2}) 

𝐶𝐵(𝑆) > 𝐶𝐵({4}) 

yes remove {2} & {4} 

from sat; add S to 

sat; add S to prev 

{2,7} 2 𝐶𝐵(𝑆) > 𝐶𝐵({2}) 

𝐶𝐵(𝑆) > 𝐶𝐵({7}) 

 

yes remove {2} & {7} 

from sat; add S to 

sat; add S to prev 

{3,4} 0 𝐶𝐵(𝑆) > 𝐶𝐵({3}) 

𝐶𝐵(𝑆) > 𝐶𝐵({4}) 

no n/a 

{3,7} 1.5 𝐶𝐵(𝑆) > 𝐶𝐵({3}) 

𝐶𝐵(𝑆) > 𝐶𝐵({7}) 

 

yes remove {3} & {7} 

from sat; add S to 

sat; add S to prev 

{4,7} 2 𝐶𝐵(𝑆) > 𝐶𝐵({4}) 

𝐶𝐵(𝑆) > 𝐶𝐵({7}) 

yes remove {4} & {7} 

from sat; add S to 

sat; add S to prev 

 

After these checks, we have: 

𝑠𝑎𝑡 = {({1,7},4.5), ({2,4},2), 
({2,7},2), ({3,7},1.5), ({4,7},2)}  

and  

𝑝𝑟𝑒𝑣 = {({2,4},2), ({1,7},4.5), 
({2,7},2), ({3,7},1.5), ({4,7},2)}  

Because size(prev.keys) > 0 we proceed to step k = 3. 

Step k = 3:  sets of size 3. At this step we generate 

candidate sets of size three by increasing the size of sets in 

prev. Table VI describes some checks performed at this 

step. 

TABLE VI. SOME CHECKS AT K = 3 (EXAMPLE 4.1) 

Set S 𝐶𝐵(𝑆) Checks OK? Actions 

{2,4,7} 3 𝐶𝐵(𝑆) > 𝐶𝐵({2,4}) 

𝐶𝐵(𝑆) > 𝐶𝐵({2,7}) 

𝐶𝐵(𝑆) > 𝐶𝐵({4,7}) 

 

yes remove {2,4}, 

{2,7} & {4,7} 

from sat; add S to 

sat; add S to prev 

 

After these checks, we have: 

𝑠𝑎𝑡 = {({1,7},4.5), ({3,7},1.5), ({2,4,7},3)} , and 

𝑝𝑟𝑒𝑣 = {({2,4,7},3)}. 

Because size(prev.keys) > 0 we proceed to step k = 4. 

Step k = 4: sets of size 4. 

No more candidate sets of size 4 can be generated. The 

algorithm stops. 

The saturates betweenness centrality sets are: 

{1, 7},  {3,7}, {2, 4, 7}. 

Example 4.2. Given the graph from Fig. 1(a), we want 

to find all SBC sets. 

Below we describe the steps of the algorithm starting 

from sets of size 1, and then increasing the sets size step 

by step, until no further candidate sets could be formed. 

Step k = 1: Here we verify candidate sets of size 1. Table 

VII describes all these checks. 

TABLE VII. SOME CHECKS AT K = 1 (EXAMPLE 4.2) 

Set S 𝐶𝐵(𝑆) Checks OK? Actions 

{1} 0 𝐶𝐵(𝑆) > 0 no n/a 

{2} 3 𝐶𝐵(𝑆) > 0 yes add S to sat 

{3} 5 𝐶𝐵(𝑆) > 0 yes add S to sat 

{4} 0 𝐶𝐵(𝑆) > 0 no n/a 

{5} 0 𝐶𝐵(𝑆) > 0 no n/a 

{6} 0 𝐶𝐵(𝑆) > 0 no n/a 

{7} 1 𝐶𝐵(𝑆) > 0 yes add S to sat 

{8} 0 𝐶𝐵(𝑆) > 0 no n/a 

 

After these computations for sets of size 1 we have: 

𝑠𝑎𝑡 = {({2},3), ({3},5), ({7},1), and 𝑝𝑟𝑒𝑣 =  𝑠𝑎𝑡. 

Because size(prev.keys) > 0 we proceed to step k =2. 

Step k = 2: We form sets of size 2 using elements from 

prev. Table VIII describes some checks performed. 

TABLE VIII. SOME CHECKS AT K = 2 (EXAMPLE 4.2) 

Set S 𝐶𝐵(𝑆) Checks OK? Actions 

{2,3} 3 𝐶𝐵(𝑆) > 𝐶𝐵({2}) 

𝐶𝐵(𝑆) > 𝐶𝐵({3}) 

no n/a 

{2,7} 4 𝐶𝐵(𝑆) > 𝐶𝐵({2}) 

𝐶𝐵(𝑆) > 𝐶𝐵({7}) 

yes remove {2} & 

{7} from sat; add 

S to sat; add S to 

prev 

{3,7} 6 𝐶𝐵(𝑆) > 𝐶𝐵({3}) 

𝐶𝐵(𝑆) > 𝐶𝐵({7}) 

yes remove {3} & 

{7} from sat; add 

S to sat; add S to 

prev 

 

After these checks we have: 

𝑠𝑎𝑡 = {({2,7},4), ({3,7},6)}, and 

𝑝𝑟𝑒𝑣 = {({2,7},4), ({3,7},6)}. 

Because size(prev.keys) > 0 we proceed to step k = 3. 

Step k = 3: When trying to form sets of size 3, set 

{2, 3, 7} does not satisfy the checks. 

The algorithm finds the SBC sets: {2, 7}, {3, 7}. 

V. IMPLEMENTATION AND EXPERIMENTAL RESULTS 

In this section we present experiments ran on three well-

known real-world networks. The experimental results 

show that the algorithm significantly reduces the search 

space. Note that in addition to limiting the search space, 

the algorithm also speeds up the verification of the SBC 

properties.  We implemented the algorithm in R. The 

algorithm was parallelized using doParallel and foreach 

libraries. We parallelized the verification of whether a set 

of size k is either an SBC set or subset of an SBC set, and 

the generation of candidate sets of a given size k that will 

be sent for verification. We sorted the returned sets based 

on their BC values. We used a Mac OS computer with a 

3.5 GHz Intel Core i7 processor, and 16 GB of RAM. 

A. Zachary's Karate Network 

First, we present experimental results ran on the well-

studied Zachary's Karate Network [43]. This is a network 

of 34 vertices. Each vertex represents a member of the 

karate club. We have an edge between two members that 

interact outside of the karate club. 

We are interested in finding all SBC sets of this network. 

Note that the collection of possible candidate sets contains 

234-32=17,179,869,152  sets, which is obviously a 
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prohibitive large number. Our implemented optimized 

algorithm only checks 3,845 sets of vertices, running in 

about 11.58 seconds. 

Finding the SBC sets provides us with possible sets of 

members of karate club which reach a maximal control of 

the flow of information (i.e. all vertices have a contribution 

to this control, and adding any other member to such a set, 

it would only decrease or leave unchanged the control). 

The algorithm finds that we have 194 saturated sets, and it 

sorts them according to the betweenness centrality of each 

sets. In Table IX given below, we show the top five SBC 

sets with the highest betweenness centrality value. In Table 

X we provide the SBC sets with the lowest BC values. 

TABLE IX. TOP FIVE SBC SETS WITH HIGHEST BC VALUE  

SBC Set S 𝐶𝐵(𝑆) Comments 

{1, 3, 33, 34} 384.6 highest BC 

{1, 2, 34} 344.2238  

{2, 3, 32, 33, 34} 294.2667  

{2, 3, 9, 32, 34} 286.6000  

{1, 2, 28, 33} 284.8381  

 

The SBC set {1, 3, 33, 34} exhibits the highest control 

of flow of information. This is expected because these 

vertices represent the instructor (1), the administrator of 

the club (34) and two players (3 and 33). No superset of 

this set can exercise a higher level of 

communication control. 

Table X shows the SBC sets with lowest BC values. 

TABLE X.  SBC SETS WITH LOWEST BC VALUES 

SBC Set S 𝐶𝐵(𝑆) 

{4, 5, 26, 29, 30, 31} 16.31587 

{5, 10, 26, 29, 30, 3} 11.36429 

{10, 11, 26, 29, 30, 31} 11.36429 

{10, 11, 25, 29, 30, 31} 11.36429 

{5, 10, 25, 29, 30, 31} 11.36429 

B. Dolphins Social Network 

Dolphins Network [44] is an undirected network, 

showing the frequent interactions between 62 bottlenose 

dolphins living in Doubtful Sound, New Zealand. An edge 

exists between any two dolphins that interact frequently.  

This is a topic relevant in marine biology research, for 

finding sets up to a given size of dolphins that exhibit the 

highest control of information. 

To find sets of up to four dolphins which exhibit high 

control of information we ran FindSBCSets(A(dolphins), 

3, True). The top five associations are given in Table XI. 

TABLE XI. TOP FIVE ASSOCIATIONS  

Dolphins Associations S 𝐶𝐵(𝑆) 

{8, 29, 37, 52} 868.8041 

{8, 29, 30, 37} 863.5694 

{2, 8, 37, 52} 862.6365 

{29, 37, 41, 52} 861.2382 

{29, 30, 37, 41} 856.2728 

 

The algorithm ran in 9.5 minutes and verified 155,939 

sets, compared to 597,618 possible combinations. Note 

that none of these dolphins’ associations are SBC sets, 

because no set is returned when running 

FindSBCSets(A(dolphins), 4, False). Thus, these sets are 

subsets of SBC sets of higher size, which means they can 

further increase the control of information by adding 

additional vertices (i.e. adding other dolphin(s) to these 

associations). For example, one of smallest size SBC sets 

we detected contains 5 dolphins: {3, 7, 30, 37, 48} and has 

a BC value of 608.344. 

C. American Football Network  

The American Football Network [45] is a graph 

representation of games played in Division I in year 2000. 

Teams are represented by vertices and payed games are 

represented by edges. The network incorporates 115 

vertices and 613 edges. The network is divided into twelve 

conferences/communities. We want to detect SBC sets 

within each community. We ran our algorithm on the 

subgraphs generated by each community. The results are 

presented in Table XII. 

We expected communities ‘(1) Big East’ and ‘(7) 

Mountain West’ to have no SBC sets, as they are complete 

graphs. Within community ‘(2) Big Ten’ there are eleven 

SBC sets which have the highest BC value 3.142857. One 

of such SBC sets is {7, 14, 16, 48}. In community ‘(6) 

Mid-American’, the SBC set {15, 32, 35, 39, 62} has the 

largest BC value 11. All SBC sets from community ‘(8) 

Pacific Ten’ have same BC value, 1.5. One of such SBC 

set is {22, 23, 79, 112}. Each of the two SBC sets within 

community ‘(10) Sun Belt’ contains only one vertex. We 

have SBC set {1} with BC value 9, and SBC set {7} with 

BC value 8. The only SBC set in community ‘(11) Western 

Athletic’ is {89, 115} with BC value 6. 

TABLE XII. SBC SETS WITHIN THE TWELVE COMMUNITIES  

Community/ 

Conference 

Num. of 

Teams 

Num. of 

SBC Sets 

Running Time 

(0) Atlantic Coast 9 0 0.2764931 s 

(1) Big East 8 0 0.03440094 s 

(2) Big Ten 11 46 0.6319609 s 

(3) Big Twelve 12 52 0.8352158 s 

(4) Conference USA 10 24 0.411195 s 

(5) Independents 5 0 0.009389877 s 

(6) Mid-American 13 42 1.013496 s 

(7) Mountain West 8 0 0.039608 s 

8) Pacific Ten 10 10 0.456816 s 

(9) Southeastern 12 77 0.7859218 s 

10) Sun Belt 7 2 0.09870005 s 

(11) Western Athletic 10 1 0.1379929 s 

VI. CONCLUSION AND FUTURE WORK  

We examined the notion of betweenness centrality of a 

set of vertices in a graph and introduced the notion of 

Saturated Betweenness Centrality (SBC) set. For such a set 

its betweenness centrality decreases when any of its 

members are removed and, if any new vertex is added to 

this set, its betweenness centrality either decreases or stays 

the same. This means that these sets represent associations 

of vertices in which each member positively contributes to 

the betweenness centrality of the set. It also means that the 

betweenness centrality of such an association can not be 

further increased by adding additional vertices. This notion 

of SBC sets has applicability in areas related to controlling 

the flow of information in social or computer networks. 
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We introduced an optimized algorithm that finds the SBC 

sets, by reducing the search space. This algorithm can also 

be used to find sets (which can be SBC sets or subsets of 

SBC sets of higher size), which exhibit the highest control 

of flow of information for associations of up to a given size. 

We presented some experimental results ran on Zachary’s 

Karate Club, Dolphins, and American Football Networks. 

We plan to investigate how a similar approach would 

apply to flow-based centrality [27], and random-walk 

betweenness centrality [28]. We also contemplate a 

variation of this algorithm, that could be ran on local 

subgraphs, which would make it more practical for larger 

graphs. 
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