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Abstract— In this paper, we have used the parametric form
of fuzzy number and convert a fuzzy Volterra integral
equation to a system of integral equations in crisp case. We
present a numerical method for solving fuzzy Volterra
integral equations of the second kind. The proposed method
is based on approximating unknown function with
Bernstein’s approximation. This method using simple
computation with quite acceptable approximate solution.
However, accuracy and efficiency are dependent on the size
of the set of Bernstein polynomials. Furthermore we get an
estimation of error bound for this method.

Index Terms— Fuzzy integral equations, System of Volterra
integral equation, Bernstein polynomial

|. INTRODUCTION

The solutions of integral equations have a major role in
the field of science and engineering. A physical even can
be modelled by the differential equation, an integral
equation. Since few of these equations cannot be solved
explicitly, it is often necessary to resort to numerical
techniques which are appropriate combinations of
numerical integration and interpolation [1, 2]. There are
several numerical methods for solving linear Volterra
integral equation [3]. Kauthen in [4] used a collocation
method to solve the Volterra- Fredholm integral equation
numerically. Maleknejad and et al. in [5] obtained a
numerical solution of Volterra integral equations by using
Bernstein Polynomials.

The concept of fuzzy numbers and fuzzy arithmetic
operations were first introduced by Zadeh [6], Dubois and
Prade [7]. We refer the reader to [8] for more information
on fuzzy numbers and fuzzy arithmetic. The topics of
fuzzy integral equations (FIE) which growing interest for
some time, in particular in relation to fuzzy control, have
been rapidly developed in recent years. The fuzzy
mapping function was introduced by Chang and Zadeh
[9]. Later, Dubois and Prade [10] presented an
elementary fuzzy calculus based on the extension
principle also the concept of integration of fuzzy
functions was first introduced by Dubois and Prade [10].
Babolian et al., Abbasbandy et al. in [11, 12] obtained a
numerical solution of linear Fredholm fuzzy integral
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equations of the second kind. Also, the fuzzy integral
equations have been studied by several authors [13, 14,
15].

In this paper, we present a novel and very simple
numerical method based upon Bernstein’s approximation
for solving Volterra fuzzy integral equations.

Il. PRELIMINARIES

In this section the basic notations used in fuzzy
calculus and Bernstein polynomials are introduced. We
start by defining the fuzzy number.

Definition 1. [16] A fuzzy number is a fuzzy set
u:R'— 1 =[0,1] such that
i. U is upper semi-continuous;
ii. U(X) =0 outside some interval [a,d];
iii. There are real numbers b and ¢, a<b<c<d,
for which
1. u(x) is monotonically increasing on [a,b],
2. u(x) is monotonically decreasing on [c,d],
.u(x)=1,b<x<c.
The set of all the fuzzy numbers (as given in definition
1) is denoted by E*.

An alternative definition which yields the same Elis
given by Kaleva [17, 18].

Definition 2. A fuzzy number U is a pair (U, G) of

functions U(r) and u(r), 0<r <1, which satisfy the
following requirements:
i. u(r) is a bounded monotonically increasing, left

continuous function on (0,1] and right continuous at 0 ;

. a(r) is a bounded monotonically decreasing, left
continuous function on (0,1] and right continuous at 0 ;

iii. u(r)<u(r),0<r<1.
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A crisp number I is simply represented by
u(a) = a(a) =r,0<a <1. The set of all the fuzzy
numbers is denoted by E*.

For arbitrary U = (u(r),u(r)),v = (v(r),v(r)) and
k € R we define addition and multiplication by K as

(u+v)(r) = (u(r) +v(r),
(u+v)(r) = (u(L)+v(r))L
ku(r) = ku(r), ku(r) = ku(r), if k>0,
ku(r) = ku(r), ku(r) = ku(r),if k <0.

Remark 1. [12] Let u = (u(r),u(r)),0<r <1 be a
fuzzy number, we take

ey = U(r)+u(r)
us(r) = T
d (py = U(r)—u(r)
u®(r) T
It is clear that u®(r) >0, u(r) =u®(r)—u®(r) and
G(r) =u°(r)+u’(r), also a fuzzy number u € E* is

said symmetric if u°(r) is independent of r for all
0<r<li.
Remark 2. Let U = (u(r),u(r)), v = (v(r),v(r))
and also K, s are arbitrary real numbers. If
W = KU + SV then

we(r) = ku®(r)+sve(r),

w(r) =k Ju(r)+s|ve(r).

Definition 3. [19] For arbitrary fuzzy numbers u,Vv, we
use the distance

D(u,v) = sup,qgmax{|u(r) —v(r)[,|u(r) —v(r) [}
and it is shown that (E*, D) is a complete metric space
[20].

The Bernstein’s approximation, B (f) to a
real function f :[0,1] > R is the polynomial

B,(F00)= 3 F (P, (0, @

where

P..(X) = mx 1=x)"" i=01,..,

There are N+1 n th-degree polynomials. For
convenience, we set P ;(x) =0, if i<0 ori>n. It

can be readily shown that each of the Bernstein
polynomials is positive.
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Theorem 1. For all functions f in C[0,1], the
sequence B, (f);n=1,2,3,... converges uniformly to
f , where B, is defined by Eq. (1).

Proof. See [21].
This theorem follows that, for any f € C[0,1] and

for any &> 0, there exists N such that the inequality
||Bn(f)— f|| < &, holds.

We suppose || || be the max norm on [0,1], then the
error bound

1B, (100~ W< = x@=]f '], @
n

given in [22], shows that the rate of convergence is at
1

least — for f €C[0,1] . On the other hand, the
n

asymptotic formula

|mhmMBJfU»—fW»=%Xﬂ—Uf%@,@

due to Voronovskaya [23] shows that for X € (0,1)

1
with f’= 0, the rate of convergence is precisely —.
n

Ill. Fuzzy VOLTERRA INTEGRAL EQUATION
The Fuzzy Volterra integral equations of the second
kind (FVIE-2) is [24]
F(x):G(x)+ﬂLXk(x,t)F(t)dt, 0<x<l. (4

where A4 >0,k(X,t) is a kernel function and G(X) is

a fuzzy function. If G(x) is a fuzzy function these

equation may only possess fuzzy solution. Sufficient
conditions for the existence of a unique solution to the
fuzzy Volterra integral equation are given in [24].

Now, we introduce parametric form of a FVIE-2 with

respect to Definition 2. Let (G(X;r),G(x;r)) and
(F(x;r),F(x;r)),0<r <1 are parametric form of

G(x) and F(x), respectively then, parametric form of
FVIE-2 is as follows:

F(6n)=G(n+4[ (x HF(t; r)dt, 0<x<1(1X5)

Fxr) = G(xin) + A k(x OF (L r)dt. )
Suppose K(X,t) be continuous and for fix t, k(x,t)
changes its sign in finite points as X; where
X; €[0,x]. For example, let k(x,t) be nonnegative
over [0,%,] and negative over [X,,X], therefore from

Egs. (5) and (6), we have
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E(x1) = G + A[ kOGO F (Gt
+/1Lxlk(x,t)F(t; Ndt,0<x<1,0<r<1,
F6r) = GOGr) + 4] k(G OF (G r)dt

+ ﬂ_[xk(x,t)F(t; Ndt,0<x<1,0<r<1.
X Bl
By referring to Remark 2 we have
Fe(x;r) = G (X 1)+ A j:k(x, Fe(t; r)dt,

0<x<1,
Fi(x;r) = G"(x;r)+},'|’0X [ k(x,t) | FO(t;r)dt, 0 < x <1.(8)

v

It is clear that we must solve two crisp Volterra integral
equation of the second kind provided that each of Egs. (7)
and (8) have solution.

We consider the Volterra integral equations of the
second kind given by,

Fe(6r) = Go(xr) + 4] k(x HF (G,

FO(6r) =G*(gr)+ A[ k(x| F* (G r)dt,
0<x<],

where F°(x;r) and F?(x;r) are the unknown crisp
function to be determined, k(X,t) is a continuous

function on the square [0,1]° and integrable function,

Ge(x;r) and G(x;r) being the known crisp
functions.

To determine an approximate the unknown
function of Eq. (4), we approximate with Bernstein’s
approximation

B, (F () =G(x) + [ k(x DB, (F()dt, (9)

therefore, we approximate the unknown functions
Fe(x;r) and F(x;r) by

B,(F°(ir) = LF (NP, (9,10
and i _
B, (F* ()= YF* (%; 1P, (%), (11)

where

P.,(X) = mx (1=%)"™, i=01,..
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Let (B,(F(x;r)),B,(F(xr))) .

parametric form of B, (F (X)), then we have:

BL(F(6r) = S F(-inR, (9,01 <1,

0<r<1 is a

B,(F(x;r)) = iF(%; NP,;(x),0<r<1

By referring to Remark 2, we have the following
equations

iﬁ(%;r)((?}(xi(l—x)”-‘

) j:k(x,t)ti (1-t)™ db)) = G*(x;r),

0<r<1,
3 d I n i n-i
Z‘oF (F’r)(iJ((X (1 - x)
—/Ijox|k(x,t)|ti(1—t)”‘id, (13)

i i
In order to find F¢(—;r) and F%(—;r) for
n n
i=0,1,..,Nn,wenowput X = X, j=0,1,...,n in (12)
and (13), X;'s being chosen as suitable distinct points in
(0,], and X, is taken near O such that

0 <X, <X <..<X, =1 Putting X = X; we obtain

in short form two linear systems
AX, =Y, (19

where

n ; .
A, = [[ij(x',-(l - x ;)"

_ﬂbjoxjk(xj Ot (1-t)" db)],
i,j=01,.,n,

Xy =[F° N, 0<r<1,i=0_1,..,n,
n

Y, =[G°(x;;n], 0<r<1,j=01,..,n,

and also

A X, =Y, (15)

(12)
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where

A, = [(?j(x;(l— X)" = Af kO D IE -1 dy],
i,j=01,.,n,

X, = [Fd(l;r)]‘, 0<r<1,i=0.1,..,n,
n

Y, =[G*(x;;r)], 0<r<1,j=0/1,..,n.
1 j

In general we cannot be able to carry out analytically the
integrations, involved. We compute the integral that exist

in A's formulaand A,'s formula numerically. Now we

i i
can show F°(—:r) and F%(—;r) by
n n

i . i .
F°(—;r),i=01,.,nand F'(—;r),i=0,1,..,n,
n n
respectively that are our solutions in nodes
X;, J=0,1,...,n and by substituting them in Egs. (10)
B, (Fy (x;:1))
B, (F® (X;;1)j=0,1,..,n that are solution for

integral equations (7) and (8).
We give error bound for this solution in the following
theorem.

and (11) we can find and

Theorem 2. Consider the crisp Volterra integral
equations of the second kind (7) and (8). Assume that

k(x,t) is continuous on the square [0,1]° and the
solution of the equations belong to (C* ~ L*)([0,1])
forsome a > 2. 1f A and A, invertible then

SUPy; <qo. D(F(x;), B, (F,(x;))) <

1 c 1rc
SUP ol (L SAA™ [ F(r) [ +] Fe(r) |

(@9 AL F O 4] F DI

i
where X, = —,1=0,1,...,n, F(X) is exact solution of
n

FVIE-2and S = SUP, o4y | AK(X, 1) .
Proof. We have

Sprie[o,l] | FT(Xi ;r)—B, (FnT(Xi )=
SUPy. <o, | FT(Xi; r)- FnT(Xi; r)+ FnT(Xi; r)—

B, (F, (x;n) <
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SUPy cfo.1g | F T(Xi ) - FnT (%;:1) | +SUPy o

t . t .
| Fy (1) =B, (R (%)) s
where T means we have this equation for C and d

together, independently. From relation (2) we have the
following bound

sup xe[0,1] | FnT(X; r) - Bn(FnT(X; r)) |S

1 1

—x@-x)|| F' <= F. | @7

x@- 0| F) <o Fan

then it is enough to find a bound for

SUP, oy | F T (X5 1) = F) (1) | . For numerically
[0,

solving integral equations (7) and (8) by using
Bernstein’s approximation, because from Theorem 1 we

know that for any F' e C[0,1] and for any £ >0,
there exists N such that the inequality

|| B.(F')-F' || < &, holds so we can write integral
equations (7) and (8) as

Ge(x;r)=B,(F°(x; r))—ﬂfoxk(x,t)Bn(Fc(t;r))dt,
and

G (1) = B,(F* () - A[ [k(xt)|B,(F*(t;n))adt.

If we substitute F."(x; ) instead of F'(x;r) in above

equation then the right-hand side of integral equation is
exchanged by a new function that we denote it by

éT(X; I) . So we have,

Ge(x;r) = B,(F(xr)) —/lj'oxk(x,t) B, (F, (t;r))dt,
and

G (x1) = B, (FY (1) - A[ [k, 1) | B, (R (1)),

Consequently we have

)Sup, o | F (61— FE(xin) <] A |

max | G°(x,;r) = G°(x,;r) |,

i=01,...n, (18)
Sprie[o,l] | F(xi:r) = Fr(x:r) < ” Al_l ”
max | G°(x;r) = G (x;:r)l,

i=01,..,n,
and
sup x; €[0.1] | F ‘ (X;;r) = I:nd (xi;r) < ” Az_l ”
max | G (x;;r) - G (x;:r)|,

i=01,.,n,

(19)
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where X, = —, i =0,1,..., n. For finding a bound for

i
n
max| G’ (x:r)=G'(x;n)|,

we let

Go(x;r) = FE(x;r)) —ika(X,t)Fc(t; r))dt,
G(x;r) = FU(x; r))—/l_[oX [k(x,t)| F*(t;r))dt,

and

G (1) = B, (F* (1)~ A[ kO, DB, (Fe(t n)dt,

G*(x1) = B,(F* (¢ 1)—A[ [k(x1)| B,(F* (G r))dt

So that
Go(x;r)—=GE(x;r) = F*(x;r)—B_(F°(x;r))—
AL k(GRS (1) - B, (FE(G r))t,

and
G (1) -G* () = F*(x;1)~B,(F*(x;1) -
AT 1R (1) - B, (F* ()t

if we let SUP, o1 | AK(X,t) |= s, then we have
sup |G (x;r)— G (x;r) = sup | F*(x;r)
-B,(F°(x;n)-
/IJ-OXk(x,t)(F “(t;r)— B, (F°(t;r)))dt |<
sup [ FE(x;r) =B, (F (x;r) | +
sup | [ k(x (F°(t:1) -
B, (F°(t;r)))dt |<

sup | Fe(x;r) =B, (F*(x;r)) |+
sup | Ak(x,t)(F°(t;r) — B, (F°(t;r))) |<

1 X(1-x)PF"“P + sit(l—t)
2n 2n

” Fuc

1 rc
|s8—n(1+ s)| F

and

SUplGd(X; r)—éd(x; r) |S8in(1+S)PF”dP,
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so by substituting this bound in the inequality (18) and
(19) we have,

SUP, oy | F S (% 1) = FE (1) [<

i -1 r (20)
an sl AT FE

then from relations (16), (17),(20) and (21) we have
SUP, o | F°(%:1) = B, (F¥ (x:1) <

1 1 -1 F e F e (22)
g (@ AR E [+ B .

and
Supxie[o,l] | F ‘ (Xi ; r) - I:nd (Xi ; r) |S
i -1 rrd

D I
SUp, o | F¥ (%i1) = B, (F (X)) <

(23)

i -1 rd rrd
Laes A ] E D

therefore by (22), (23) and Remark 1 we have
SUP, o | F(x31) = B, (Fy (1)) I<

i -1 rc
o (@) AT F ]+

rc
| F.

1
D g (@) A ] FE D,

Supxi €[0,1] | F(Xi ; r) - Bn (Fn (Xi ; r)) |S

1 -1 rc
Lass) At P

|+

re
| F.

1
P g @) A F [ ).

hence for all r €[0,1]
maX{Sprie[o,l] [l F(xi;r) =B, (F, (Xi;r) |

JF () =B, (F,(6:0) 1}

i -1 rc rc
< g (@) AT Fe ] R
1 . 113 r
o @) A F [+ F D,

and then
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and the proof is completed.

Theorem 3. (Minc [25]) The inverse of a nonnegative
matrix A, is nonnegative if and only if A, is a
generalized permutation matrix.

SUP . oy D (F (X;), B, (F, (X)) <

l - rc
0D g Lo (4 )] A | F7e) [+

| Fye(r) b+

8Ln((1+s)|| A IEE e R b,

Theorem 4. Let (G(X;)), j=0,1,...,n is a fuzzy

Abbasbandy and et al. in [26] used the homotopy
analysis method (HAM) to obtain solution of
fuzzy integro-differential equation

F/(x)+F(x)+ 1 joxk(x,t)F(t)dt = G(x),

0<x<1.
But, in this paper we used Bernstein Polynomials to
obtain solution of equation (4).
IVV. NUMERICAL EXAMPLES
To illustrate the technique proposed in this paper,
consider the following examples.

Example 4.1. We consider the fuzzy Volterra integral
equation of the second kind given by,

F(x) = G(x)MjOXF(t)dt, 0<x<1,
where A=1
G(x)=(G(x;r),G(x;r))=(r,2-r),0<r <1,

Xij(l—xj)nfiZl_‘;)j|k(Xj.t)|ti(1—t)n7idt,i,j=0,1,---ﬂ, The exact solution in this case is given by

arbitrary vector, and A, is a generalized permutation
matrix, then Eq. (9) has a fuzzy Bernstein approximation.

Xi (1) zzjoxj |k(x;, D]t (11" dt,i, j=0,1,...n,

Proof.By we have A, >0. By Theorem 3 and our
hypotheses, proof is completed.

A. Comparison with Other Methods

In this subsection, the shortcomings of the existing
methods [5,12,26] for solving fuzzy integral equations are
pointed out.

Maleknejad and et al. in [5] obtained a numerical
solution of Volterra integral equations of the form

F(x) = G(X) mjoxk(x,t)F(t)dt, 0<x<1

where 4> 0,k(x,t) and G(X) are real function, by

using Bernstein Polynomials. But in this paper we
consider more general form of fuzzy Volterra integral

equation (4) where 4 > 0,k(x,t) is a kernel function
and G(x) is a fuzzy function.

Abbasbandy and et al. in [12] considered linear
Fredholm fuzzy integral equations of the second kind of
the form

F(x) = G(X) +,1j:k(x,t)F(t)dt, 0<x<1

where 4 >0,k(X,t) is akernel function and G(X) is a

fuzzy function. In this paper, if we consider X = ain
equation (4) then this paper transfer to [12].
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F(x) = (F(x;r), F(x;r)) = (re*, (2—r)e*),0<r <1.
We can see that
G°(x;r)=1, GY(x;r)=1-r, 0<r<1.

According to Egs. (7) and (8) we have the following two
crisp Volterra integral equations

F%n0:1+EF%t0m,03x31,0SrSL
Fd(x;r)=1—r+_LXFd(t;r)dt, 0<x<1,0<r<l1.

Now we approximate the unknown functions F°(X;r)
and F*(x;r) by B (F°(x;r)) and B, (F%(x;r))

TABLE I.
COMPUTED ERROR FOR EXAMPLES
n Example 5.1 Example 5.2
0.3513 0.5624
0.0059 0.0015
0.2844E-3 0.5848E-3
forn=1,2.3.
We choose X,=10"" and X; = 3 o
n

j=1,..,n,n=123. For this example, we use
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r=0,0.1,...,1, where we calculate the error of the
exact solution and obtained solution of fuzzy Volterra
integral equation with Bernstein approximation. Table 1
show the convergence behavior for n =1,2,3 . The exact
and obtained solution of fuzzy Volterra integral equation

Figure 1. Compares the exact solution and obtained solutions

in this example at X = 0.5 for n =1,2,3, are shown in

Figure 1.
Example 4.2. We consider the fuzzy Volterra integral
equation of the second kind given by,

F(x) = G(x)+/1LXk(x,t)F(t)dt, 0<x<1

where 4 =1, k(x,t) = sinhx and
G(x) = (G(x;r),G(x;r)) =
((coshx +1—cosh®x)(r? +r),
(coshx +1—cosh®x)(4—r®—r)),0<r <1.

The exact squtiow case is given by
FO)=(F(xr),F(xr) =
(coshx(r? +r),coshx(4—r°-r)),0<r<1.

We can see that

. 2 2.3
G(xr) = (coshx+1—cosh“x)(4+r°—r~)

2
GY(xr) = (coshx +1—cosh?x)(4—r* —r? —2r)
l 2 1
0<r<l.

According to Egs. (7) and (8) we have the following two
crisp Volterra integral equations
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_ 2 2 _ .3
Fo(xr) = (coshx +1—cosh“x)(4+r° —r )+
2

joxsinh(x)FC(t;r)dt,
0<x<1, 0<r<l,

_ 2 _y3_p2_
Fd(x;r):(COShX+l cosh*x)(4—r>—r°—2r)
2
+ onsinh(x)Fd (t;r)dt,
0<x<1, 0<r<i.

Now we approximate the unknown functions F°(X;r)
and F(x;r) by B, (F°(x;r)) and B, (F’(x;r))
forn=1,2.3.

We and X,

choose i

X, =107% =1 o
n

j=1,..,n,n=123. For this example, we use
r=0,0.1,...,1, where we calculate the error of the

09r

08F

nrr

D6F

05

n4r

par 5&
nz f
¢

nar

)
\
q}l +
o
b
&

| w 1 | I 1 |
0 5

2 3 4 5 6

Figure 2. Compares the exact solution and obtained solutions

exact solution and obtained solution of fuzzy Volterra
integral equation with Bernstein approximation. Table 1
show the convergence behavior for n =1,2,3 . The exact
and obtained solution of fuzzy Volterra integral equation
in this example at X = 0.5 for n =1,2,3, are shown in
Figure 2.

V. CONCLUSIONS
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Here a very simple and straight method, based on
approximation of the fuzzy unknown function of an fuzzy
Volterra integral equation on the Bernstein polynomial
basis is used. Our achieve results in this paper, show that
Bernstein’s approximation method for solving fuzzy
Volterra integral equations of second kind, is very
effective and the answers are trusty and their accuracy are
high and we can execute this method in a computer
simply.
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