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Abstract—Taking into considerations the effect of the
Earth’s oblateness parameters, particularly J,, the present
work assess such influence on the formation flight of micro
satellites in near equatorial low orbits. The modified
Clohessy-Wiltshire equations are reviewed to arrive at a
convenient formulation as a set of linearized differential
equations of motion to include the J, effects in the LVLH
frame of reference. Comparison made on the orbit of twin-
satellite formation flying with respect to that predicted by
baseline Hill-Clohessy-Wiltshire equation, and to similar
results in the literature, exhibit the plausibility of the work.

Index Terms—Orbital Mechanics, Gravitational Potential,
Near-Equatorial Low Orbits, Spacecraft Formation Flying.

|. INTRODUCTION

Interest in the relative motion dynamics and control of
spacecrafts in formation has grown due to the need for
deploying multiple spacecrafts flying in precise
formations for Earth or space observation,orspace
communications, and the affordability of smaller
satellites, with capabilities equivalent or better tan a
single larger satellite, due to their modularity, simplicity,
ase of launch and graceful degradation (Alfriend et al [1],
Schaub et al,[2], Schaub [3], Schaefer [4], Sengupta
[5]).Specific insight on formation geometry is needed for
mission planning and reconfiguration of formation
dynamics and control. As stipulated by Yeh and Sparks
[6], closed paths of relative motion traced out by a
spacecraft under force-free motion permitted by the law
of physics can be defined by Hill's equations. These are
known as “legal formations” which satisfy the Hill-
Clohessy Wiltshire (HCW) equations and must lie on the
intersection of a plane and an elliptic cylinder with an
eccentricity of 3 /2 in a moving coordinate system fixed
to the chief spacecraft in the Local-Vertical-Local-
Horizon (LVLH) frame.

Xiang and Jaergensen[7] have distinguished satellite
formation flight compared to constellation if the relative
position and relative velocity between the satellites in
formation flight are controlled, and their relative altitudes
can be controlled at certain parts. In many proposed
missions, satellites are required to form a circular
aperture in the plane perpendicular to the line-of-sight.
For the optimal utilization of formation flight of micro-
satellites, their relative motion dynamics and control
under the existence of gravitational and environmental
perturbations should be well taken into considerations, to
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avoid their relative motion to keep changing and unstable.
The main advantage of a LEO constellation over less
complex, higher-altitude systems with fewer satellites is
that the limited available frequencies that are useful for
communicating through the atmosphere can be reused
across the Earth's surface in an increased number of
separated areas, or spotbeams, within each satellite's
coverage footprint (Wood [8]).In addition, some
countries that are geographically located straddling or
near the Earth’s equator may have some interests in Near
Equatorial orbits for their development (Djojodihardjo
and Harithuddin [9]. Djojodihardjo and Zhahir [10]). In
the well known HCW equation, the Earth is considered to
be a point mass. However, since the Earth gravitational
potential can be better represented by spheroidal (Vinti,
[11], Djojodihardjo [12], Djojodihardjo and Kadarisman
[13] or other harmonics (Alfriend et al, [1]), more
accurate solution of legal formations should incorporate
such gravitational potential, as well as other relevant
disturbances. Without considering other disturbances, the
dominant Earth's oblateness parameter,J,, for both the
chief and the deputy satellite is here incorporated using
linearized analysis, producing analytical solutions similar
to that of the HCWequations. Such J, -Modified Hill’s
Equations describe the mean motion changes in both the
in-plane and out-of-plane motion more accurately. By
considering Near-Equatorial, the influence of J, may not
vary significantly as compared to other inclined orbits. In
this conjunction the objective of the present work is to
obtain an assessment of the influence of J, on the
formation flight orbit of twin satellites in near-Earth near-
Equatorial orbit utilizing linearized J, modified Hill-
Clohessy-Wiltshire Equation, and at the same time
developing an in-house computational code for further
development to include other higher approximations. It is
with such motivation that the present work review and
reassess the influence of J2 perturbation on the formation
flight of micro-satellites in Near Equatorial and Low
Earth Orbits.

After establishing the foundation of Linearized
Dynamics of the baseline HCW equations in sections |1 to
V systematically, the J, Gravitational Perturbation Effects
are incorporated to arrive at the Modified HCW Equation
in VI and VII followed by validation, results and
conclusions.

I1. COORDINATE SYSTEMS AND TRANSFORMATIONS
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The essential governing equation of spacecraft
formation flight will be established by considering and
identifying various coordinate systems. These coordinate
systems can be defined by referring to Figure 1. The
subscript N denotes a vector in the Earth Centered Inertial
(ECI) frame, and a subscript O denotes a vector in the
satellite-centered frame.

e
(S

Figure 1. The ( r—0-i) coordinate system used to describe the Chief and
Deputy Satellite motion and the disturbance of J.in the local (x -y -z)
coordinate system.

The ( r—0-i ) coordinate system (or Earth Centered
Chief Satellite Orbital Plane coordinate system) is used
in describing the J, disturbance in the local (x -y -2)
coordinate system. The coordinate system elements r and
the two Euler angles, 6 and i, belong to the associated
geometry for the transformation from the ECI frame to

The inertial position vector of the chief is R, and that of
the deputy is r. The position vector of the deputy relative
to the chief is p, such that
r=R+p orry =r,+p 3)
One of the assumptions that should be made at this
stage is that the relative distance between chief and
deputy is small compared to the magnitude of R,

P
e.g. —<x<1.
g R

Following Newton’s Gravitational Law, the equation
of motion of an earth-orbiting body is.

r=—£r 5 r=ls
r
rd:_isrd ;1= (43)
rd
as well as
R=-ZR : R=|R| =
R® '
rcz—ﬁgrc ;o= (4b)

c

Here 4 is the standard gravitational constant of the

earth, which is 3986km%sec®. In what follows, all
perturbation components (derived from propulsive force,
J-perturbation, aerodynamics drag or third-body forces)
will be ignored at the present stage. The vectors are all t-
dependent. The equation of motion for the deputy in the
moving frame can be further elaborated by substituting
(3) into (4) to obtain the equation of motion of the deputy
satellite.

the ( r —6 — i) frame, utilizing the direction cosine matrix ~ Hence:
formed by the 3-1-3 Euler angle sets Q , iand 6 . These . U
variables are known as the longitude of ascending node, Fr=R+p =——3(R+P) ®)
the argument of latitude, and the angle of inclination, ||R+P||
respectively. A similar direction cosine matrix (DCM)  and, subsequently
can be written in terms of the LVLH coordinate system in . .. 7,
the ECI frame as expressed by (1) or (2): p=R- M(R +p) (6)
cosQcosf—sinQsindcosi  sinQcosf+cosQsingcosi  singsini
[ON]=|-cosQsin#—-sinQcosfcosi —sinQsin#+cosQcosdcosi cosdsini (1)
sinQsini —cosQsini cosi
erX erY erZ
[ON] =€x € €y )

th ehY ehZ
This is a direct rotation from ECI coordinates into the
satellite-centered frame. Therefore, these two rotations
are equivalent.

1I. DEVELOPMENT OF RELATIVE DYNAMICS
LINEAR MODEL

The equations of motion of the deputy spacecraft
relative to the chief spacecraft is established following
closely that of Djojodihardjo and Harithuddin [9],
Alfriend et al [14], Djojodihardjo and Gunther [15].
Figure 2 exhibits the two spacecrafts orbiting the Earth.
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Chief Inertial Orb) Ingftial Orbit
Figure 2: Coordinate System for defining relative motion (the figure is
synthesized from Djojodihardjo and Harithuddin [8] and Ginn [16])
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For circular orbit, o= O which represents the

angular rate of the circular orbit around the center of
Earth in the orbital plane.
Here R is the semi-major axis or radius of the circular
orbit and p is the position vector of the deputy spacecraft
in the relative (moving, orbiting) frame around the chief
spacecraft. Accordingly:

R
0 0 0 OX
o=/0[=| 0 ;R:O ; p=|oy| (1)
1) L 0z
R®

For the right-hand side of (6), one can expand
-3 . . . . R
|[R+p||” in a Taylor series approximation. Taylor series

expansion about F(R,p):||R+p||’3‘ . yields
.

[R+p]* [(R+p)s(R+p)] 2

3
:|:(ROR)—&—Z(Rop)+(pop):|7E
1 3x  6x° 3y" 3z° 10x’ 15xy® 156xz°

= + + +
R® R* R® 2R* 2R* R°® 2R*  2R®

®)
Substituting (8) into (6) one obtains
p=—R
13 8¢ 3y 3
R® R* R° 2R® 2R°
- R+
# 10x* 15xy* 15xz° (R+p)
——t =t
R 2R 2R
9)

Neglecting the terms with order higher than one, (13)
becomes

.. . uR u 3
pz—R—?—E( —E(R.p)Rj (10)
Substituting the equation of motion of the chief satellite

R= —% R into (10), one finally obtains:

RS
(11) yields the desired relation for @ in the inertial
frame I. One needs to represent gin the relative frame, R,
around the chief spacecraft. One can write @; in the
inertial frame as,

b “[p—géukquj (1)

P =g +2((’)XpR)+wx(mpr)+(’)XpR (12)
Thus, g in the relative frame,
Pr =P, —2(0xpg)—ox(@xpy)—Oxp, (13)

Substituting  (11) into  (17) and keeping only the
linear terms, one obtain the kinematic relationship

p=(-0’0x—205y+05%)i

(14)
+(-0°8y - 205%+5§)j+(52)k
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Substituting (11) into (14) yields the equation of
motion

p=—wz(6xi+5yj+5zk—%(R5x)Rij (15)

Combining the kinematic relationship (14) with the
equation of motion (15) yields
(6% 205y -30’0x)i
(16)
+(8Y+2w0%) j+ (57 +@*52)k =0
Hence, (16) gives the linearized Clohessy-Wiltshire
equation:

5% — 208y - 325X =0 (17a)
SV +2w8% =0 (17b)
Si+w'61=0 (17¢c)

These equations refer to the moving frame of reference
in which they were derived. This moving frame is
sometimes called CW-frame or Hill’s frame. One
advantage of the HCW equations is that the in-plane
orbital motion (8x and 8y directions) is uncoupled from
the out-of-plane orbital motion (5z direction). In the
present HCW equations, the following assumptions are
made:

1. Eccentricity of the chief orbit is zero (circular),
e=0

2. The angular rate is constant, =0

3. R isconstant (circular orbit)

The homogeneous solution of the HCW equations
derivation is carried out as follows. Define
sX=[6x &y &z] and sV=[sx 5y &2 . A
subscript 0 denotes the initial condition. Then the solution

of the linearized HCW equations can be represented in
the following matrix form:

SX(t) =[Dyy |6X, +[ Dy, 6V, (18)
where,
[ 4-3coset 0 O
D, =|6sinot—60t 1 0 |;
0 0 coswt
(19)
sinat/ o 2(1-cosat) 0
®,, =|2(-1+cosat)/w 4sinwt/w-3t 0
| 0 0 sinot/ @
and,
SV (t) =[ Dy | 6X, +[ Dy |6V, (20)
where,

3wsin wt 0 0
®,, =|6w(l+coswt) 0 0

0 0 -wsinwt

' (21)
[ coswt  2(1-coswt) O
D, =|-2sinwt -3+4cosmt 0

0 0 cos wt




8 JOURNAL OF ADVANCES IN INFORMATION TECHNOLOGY, VOL. 5, NO. 1, FEBRUARY 2014

(18)-(21) then describe the homogeneous solution of the
Hill-Clohessy-Wiltshire  (HCW)  equation,  which
determines the position of the deputy spacecraft relative
to the chief spacecraft as a function of t subject to initial
conditions 8Xgq and dVo.

V. BASELINE HILL-CLOHESSY-WILTSHIRE
EQUATION

For a point mass or uniformly distributed sphere, the
gravitational potential is
1 =GM, =3.986005x10""m® / s (22)
which is the first term of the more general Earth’s
gravitational potential. If J, is included, we have
(Djojodihardjo  [12], Alfriend et al [14], Ginn
[16],Anderson [17], and Schweighart [18])

U= —ﬁ+&2‘]2[§cos2 p-L
P P’ 2 2 )(23)

Baseline Hill-Clohessy Wiltshire Equations, for
circular orbit around the Earth as the central body,
assumed the Earth as point mass centered at its center of
mass and the center of the orbit.

The equations of motion in the chief LVLH frame.

2
% - Zw% 30°x =0 (24a)
2
% ) % -0 (24b)
d—22+a)22 =0 (24c)

which is also known as the unperturbed or baseline HCW
Equations. The angular velocity o is given by

G(M+m
o~ /%:\E 5)

The out-of-plane motion is modeled as a harmonic
oscillator, where the in-plane motion is described as
coupled harmonic oscillators. These second-order
differential equations have the general solutions

X(t)= Acos(nt + ) + Xoq (26a)
y(t)=-2Asin(nt+a) —gnxoﬁt + Yo

(26b) z(t) =Bcos(nt + 3)

(26¢)
whereA, o, Xof , Yoi ,B and § are the six integral constants.
The velocities are found as the time derivatives of (30a,b
and c). In order to produce bounded relative motion, the
radial offset term must be equal to zero to eliminate the
secular growth present in the along-track direction.
Setting the in-track offset term to zero, the bounded
equations now have the form given by (26a,b and c). For

the z direction, integration of: 5z(t) =B, sin(at + )
@7)

yields:

z(t)=Bcos(nt+a)+D, (28)
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Following Djojodihardjo and Harithuddin [9], the
analytical solutions of the homogeneous HCW equations

are obtained as follows. Define X=[x y z]T and

V:[X y z']T . A subscript 0 denotes the initial

condition. Then the solution of the linearized Clohessy-
Wiltshire (HCW) equations can be represented in the
following matrix form:

X(t) =Dy (1) X(t)) + Dy, () V(1) (292)

V(1) =D, (t)X(t,) + Dy (1) V(L) (29b)
where®yx(t), Dxyv(t), DPyx(t) and O (t) are state-
transition matrices defined as in (19) - (21). The
homogeneous solutions of the HCW equation determine
the position and the velocity of the deputy spacecraft
relative to the chief spacecraft as a function of t subject to
initial conditions X, and V.

V. RELATIVE BOUNDED MOTION

In formation flying, the motion of deputy satellite must
remain bounded with respect to the chief satellite such
that it experiences no secular drift and the formation
configuration is maintained. One needs to find the
condition such that the solutions of the Clohessy-
Wiltshire equations are bounded [9][16]. (26a) and (26b)
are coupled and they can be solved in parallel. Integrating
(26b) yields an expression for y (t) :

¥ (t) =—20x(t)+ 20X, + Y, (30)
If one integrates (30) from 0 to t, one finds terms that

grow unboundedly over time, namely the terms

2m%,(t) and Y, (t) . However, y(t) can be made

bounded and periodic given the condition

20%,+Y,=0 (31)
Then, the solution for the in plane motion of the deputy

satellite is:

X(t)=Aysin(ot + )
y(t)=2A cos(at +a)+C, (32b)
whereA, =~ phase angle « and integration constant
Codepend on the initial conditions. The out-of-plane
motion is decoupled from the in-plane motion and its
solution takes on the form of a simple harmonic oscillator:
z(t)=B,sin(ot +a) (32c)
where the amplitude B, and the phase angle o are
constants which depend on the initial conditions. The out-

of-plane motion is periodic and bounded with respect to
the chief satellite.

(32a)
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Figure 3.(a) Sketch of projected circular orbit in inertial frame; (b)-(d)
Illustration of the relative position of deputy satellite in relative frame
centered on the chief satellite.

6.1. Adding the J2 Perturbation

Considering the Earth as a spherical central body of
uniform density in the earlier section, the two-body
equations of motion can be written in a simple form.
However, the Earth is a non-spherical mass of finite size
and imposes a gravitational potential due to an aspherical
central body. More accurate two-body equations of
motion can be made by considering and determining the
gravitational potential due to an aspherical central body,
using a coordinate system depicted in Figure 4 to describe
the aspherical gravitational potential. The potential that
describes an aspherical central body is given by (Vinti
[11], Djojodihardjo [12], Djojodihardjo andKadarusman
[13], Anderson [17], Tapley et al [20]):

U= %{1—2“3' (R—r@jl P [cos(%ﬁt )} + iZ(%JI P [cos(¢gcw )}{C,vm cos(mAi, )+S, , sin(mA, )} (34)

1=2 m=1

The solutions (32) define a family of bounded
trajectories for the deputy satellite with periodic motion
in the relative frame under the assumptions of the
baseline HCW-equations. The motion of the deputy
satellite, if projected onto the y-z plane, follows an ellipse
of semi-major axis 2A, and semi-minor axis A. Figures 3
(b) to (d) exhibit the geometry of the relative position of
the deputy satellite in a relative frame centered on the
chief satellite, while Figs. 3(a) illustrates the motion of
the deputy satellite with respect to the chief satellite as a
projected circular orbit in inertial frame.

VI. LINEARIZATION OF THE INFULENCE OF J, ON THE
GRAVITATIONAL POTENTIAL

The main gravitational perturbation effect is due to Jy,
the equatorial bulge term. The J, term changes the orbit
period, a drift in perigee, a nodal precession rate and
periodic variations in all the elements. In what follows,
the right ascension rate which is equal to [14]

2
Q:—EJZ(&j ncosi (33)
2 p

is considered. Any non-spherical body can be modeled
using spherical harmonics, which can then be
differentiated into three types of harmonics, i.e. the zonal,
sectorial, and tesseral ones. For the Earth, Jorepresents the
zonal harmonic, i.e. the equatorial bulge and is the largest
coefficient of the Earth’s gravitational potential.

The difference in equatorial and polar radii is mainly due
to this bulge, which is about 21km. Various reference
frames that are required to describe the motion of a
satellite in orbit around the Earth. These include the
geometry used to describe the potential due to J,. For an
orbit around the Earth of about 800 km altitude, the J,
effect is much larger in comparison with other
perturbations such as atmospheric drag, solar radiation
pressure and electro-magnetic effects [1] [14][19].
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wherelJ;, C;m, and ,S;nare gravitational coefficients and
Reis the equatorial radius of the Earth. The first term is
the two-body potential, whereas the second term is the
potential due to zonal harmonics.

An aspherical body which only deviates from a perfect
sphere due to zonal harmonics is axially symmetric about
the Z-axis. The third term represents two other harmonics.
The sectorial harmonics, wherel= m, represent bands of
longitude, and tesseral harmonics, where I# m# 0 ,
represent tile-like regions of the Earth.

The J,coefficient is about 1000 times larger than the
next largest aspherical coefficient, and is therefore very
important when describing the motion of a satellite
around the Earth. The potential due to the J,disturbance
can be obtained from Vinti [11] as

2
_Hy (R
Uzonal - r ‘]2( r ) PZ |:COS(¢gcsat ):| (353)
which can further be reduced to

RZ
U :_ﬁ+’ue—\]2(gcoszg_%J

s . (35b)

ps
where P, [cos(¢5gcsat )J is the associated Legendre

Lkl

Figure 4. Geometry used to derive the gravitational potential
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polynomial of J, ; the second zonal gravitational

coefficient according to the JGM -2 model [16][20] has

been calculated as J,= 1.082626925638815><10—3. The
co-latitude may be written as
. Z?

sin? (¢9Cw ) = 1—7 (36)

The acceleration due to J,in the ECI frame is then

calculated as the gradient of the potential

- B 2
ou,, x{l—‘r’z )

2

oX r

_ |eu 2 2
VU, =3, =| =—3"“2]2§@ Y[l—SZZJ

2 r r
ou, 2

_ 5Z
oz | 2(3— -z J

~(37)
The chief and deputy equations of motion can be
rewritten in the inertial frame as

L=—5T+J, (38)
rC

A (39)
rd

The acceleration due to J,in the LVLH frame may be
calculated from the gradient in the r and Z directions:

U, U, _
VU, = e +—=¢,
zooor oz (40)
(3 152°%). 3z
TR (e )5

where the Z component may be expressed in the LVLH
frame as [5][16][18]
e, =sinisinge, +sinicos e, +cosie,
Z=rcosg=rsinising

Substituting this equation into (40), one obtained the
acceleration due to J, to be

vu, =Yg Mg
> oor 0z

3 152°). 3z._
:_/”lJZR@Z I:(?—Fjer +r—591:| (423.)

1 3sin?isin? @
2 2

= J,R.? P
VU, =J,=-£"27 | sin?isingcosd
sinicosisin@

(41)

[1 3sin?isin? 9) (420)
= > 0

2 2
R.? NPT 2
__#Rs +sin?isin@cosd |

+sinicosisin 6k
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in Earth-Centered Inertial (ECI) frame of reference.

The chief and deputy equations of motion in the
inertial frame due to J, in the ECI frame is given by (38)
and (39). The linearized equations of motion for the chief
and deputy satellites in ECI is given by

.U 3 . u 3
p=$[p—§(R°p)Rj—>p=rc—3(p—rc—2(fc °p)fc] 43)

The inertial relative position and velocity is defined as
the position and velocity of the deputy relative to the
chief.

[P, =TT = p=r-r, (44)
I )
(5, =t-F = b-i-k 6)
0 0 r. SX] r.+5
o=|0|=| 0 |; r={0]|;p=|6y|; r,=| oy |(47)
1) s 0 52_ oz
R®

Formulation of J;
Modified Linearizad
HCW FF Problem

Identify the Coordinate
Svstems

- - Establish the pheroidal
Establish the Governing Harmonic Expression of
Linearized Hill-Chohessy the Earth's Gravitational
‘Wiltshire Equagion Potential

~,

Establish the Governing

J: Modified Linearized

HCW Formation Flight
Equation

!

Develop in-house Computational
Routine for J: Modified Linearized
HCW Routine (MATLAB)

l

WVerify the J; Modified
Lineanized HCW
MATLAB Routine

Generate Relevant
Performance Graph
Critical Assessment of
Results
Conclusion and the Way
Forward

Figure 5. Overall methodology following the present approach

Hence the components in ECI Frame of reference is
given by

r.sin @cosi r, sin g, cosi,
r,=| r,cosdsinQ ; Iy =|r,cos6,sinQ (48)
r.singsini r, sin g, sini,

Similar to unperturbed HCW case, in LVLH, the
solution of the equations of motion can be represented in
the following matrix form:
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SX(t) =[@y |5, +[ Dy, ]6V, (49)
where appropriate terms like below have to be formulated,
and SV (t) =[Dyy |6X, +[ Dy, |6V, (50)

With the present baseline formulation, the approach
follows closely a combination of Ginn's [16] and
Schweighart's [18] linearized approach, the detail of
which is given by Djojodihardjo and Tee [21][22].
Computational procedure and code are then developed
following the scheme depicted in Figure 5.

VII. LINEARIZED J, MODIFIED HCW EQUATIONS

Proceeding with further algebraic manipulations, the
governing equations for the calculation of the influence
of J2 on the linearized HCW Orbit are obtained and
summarized below [16] [18][21][22].

55+3 N 2\/1+s .

S—l XhO n(S—l) yhO
1AJ2(3k—2n\i1—s)sin2i cos(n l_St) (51
+_
4 k(—n2+n25+4k2)
1 A3k —2n4=s sin’i
4 k(—n2+nzs+4k2)
(nxll—st)
4(s+1) _2«j1+s
S—l h0 n(S—l)yhO
2(55+3)\/1+s
3 Xpo 3 Yho
(1-s)2 n(1-s)?
1 AJZ(Zns—SkxllJrs +2n)sin2i
2 kxll—s(—n2+nzs+4k2)

1 AJZ(Snzs +4k? +3n% —6nky/1+s )sin2 i

x(t)=

cos 2kt

X .
—h0__sin
nyl-s

+

4(1+5s) "

y(t)=

sin(n 1—st) (52)

sin 2kt
8 k(—n®+n’s+4k?)
—2—‘1+s>'<h0cos(n 1—st)
n(s-1)
z(t):zhocos(n 1+35t)+Lsin(n 1+35t) (53)
ny1+3s
where
RZ
A, =-3n*),—2% (54)
c
These equations are incorporated in the in-house

MATLAB computational routine.

VIIl. EXAMPLES AND VALIDATION
A. Validation of Clohessy-Wiltshire Model
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Figure 6. Relative trajectory comparison for p= 1 km, 10 km, 25 km,
and 50 km with e=0 and a= 7225km.

To demonstrate the relative satellite motion modeled
by the Clohessy-Wiltshire equations, the projected
circular orbit trajectory is simulated via MATLAB and
worked out in [9][15] are shown partially for
completeness and comprehensive impression, as
exemplified in Figures 6 and 7. The trajectory follows the
initial conditions defined by the set of solutions presented
in Table 1.

TABLE I.
CHIEF'S ORBITAL ELEMENTS AND DEPUTY'S INITIAL CONDITIONS WITH
RESPECT TO CHIEF'S

Chief Satellite
Altitude, h (km) 847
Eccentricity, e 0
Orbit Inclination, I (deg) 10°
Right Ascension of the Ascending Node, Q (deg) o°
Argument of Perigee « (deg) o°
00
Mean Anomaly at Epoch, M (deg)
Deputy Satellite Starting Condition
(Chief-centered Frame)
Yo(km) 0.0
Yo (km) 5.0
o (km) 00
Vo (kTS) 0.5785-10°
Vyo (ks 0.0
Vo (k/S) 1.1570-10°
i (deg) 10
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CW Model emor as compared with two-body solution
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Figure 7: Clohessy-Wiltshire model error for p= 1 km, 5 km, 10 km, 25
km, and 50 km with e=0 and a= 7225km.

B. Comparison and Validation of Baseline Clohessy-
Wiltshire Model of Twin-Satellite Orbits with J2-
Perturbed Ones

To demonstrate the influence of J, on the linearized
(HCW) orbit of the Twin Satellite Formation Flying
Orbits, the J, perturbed linearized HCW equations orbits
are compared with the baseline ones. The initial condition
are those given in Table 1. The results are exhibited in
Figs. 8 to 12.
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Rho versus time for HCW Equation(without J2)
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Rho versus time for HCW Equation(without J2)
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Figure 8: Comparison of the X,Y and Z values, respectively, of Deputy
Satellite orbit around the Chief Satellite as the solution between baseline
HCW, linearly modified HCW Equation and Schweighart’sresults (the
latter two incorporate the effect of J,).
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Rho versus time
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Figure 9. Comparison of the Deputy Satellite orbital radius around the
Chief Satellite as the solution of Clohessy-Wiltshire Equation (without
J,) and incorporating the influence of J,, using linearized modified

Clohessy-Wiltshire Equation.
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Figure 10. (a) The difference between the radius of the orbit of the
Deputy Satellite around the Chief Satellite as the solution of the original
linearized HCW Equation (without J;) and that incorporating the
influence of J,, using linearized J, modified HCW Equation

Deputy Orbit Around Earth
T T T

1500 - :
Without 2
With J2
1000 F With J2 by S.AS H
S : i
P : : ; : ; : 8|
. ‘ ; § :
£
C !
E L. :.:'ﬁ |
= SR {
: N i
-500 - YL
ie
g
210 1§ SRR P N 4
1500 i i i i ; i I
8000 -6000  -4000  -2000 0 2000 4000 6000 8000

Longitude km
Figure 11. Comparison of Baseline Ground-Track of the Deputy and
Chief Satellites orbits as the solution of baseline HCWand the Linearly
Modified HCW equation which incorporate the influence of J,.
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Figure 12. Comparison of Deputy Satellite orbit around the Chief
Satellite as the solution of baseline Clohessy-Wiltshire Equations
(without J;) and Linearly Modified HCW equations which incorporate
the influence of J.
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The results show that the equations derived in this
work have close similarity with the ones derived by

Schweighart, although quantitatively there are differences.

It should be noted that Schweighart’s solutions originate
from different J, linearization compared to the present
work. Such difference may be attributed to the notion that
Schweighart’s equations do not include the drift of the
ascending node of a satellite under the influence of the J,
disturbance.
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Figure 12: Comparison of the Deputy Satellite orbital radius around the
Chief Satellite as the solution of the baseline Clohessy-Wiltshire
Equations, the linearized J, modified HCW Equations and similar

solution obtained by Schweighart [17].

IX. SUMMARY OF RESEARCH RESULTS

The work carried out in the
issummarized in Table 2.

present  paper

TABLE Il
SUMMARY OF RESEARCH RESULTS

J2 Modified Linearized Hill-Clohessy-Wiltshire Computational
Routine for Twin Satellites Formation Flight

Establishment of Governing Equation, as one of many
1 possible linearization approach

Development of MATLAB based Computational Routine for
the computation of J2 Modified Linearized Hill-Clohessy-

2
Wiltshire Equation
Validation of Unperturbed Linearized Hill-Clohessy-Wiltshire
3 Equation
Validation of J2 Modified Linearized Hill-Clohessy-Wiltshire
4 Equation

X. CONCLUSIONS

Linearized Hill-Clohessy-Wiltshire equations have
been utilized in developing modified form to take into
account the influence of J, on the orbits of twin
spacecraft in formation flight in near-Earth orbits. For
Near Equatorial orbits the variation of J, is less apparent.
Various relevant approaches and recent work on this
issue have been synthesized into a novel and simplified
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approach, capitalizing on the balance between linearized
approach and expected fidelity of the obtained solution,
as stipulated by many earlier work. Judging from the
accuracy estimation of simplified linearized approach, the
exhibited computational results were obtained using J,
linearized HCW equation. The original (baseline)
linearized HCW approach and linearized J,-modified
HCW equation also exhibit the merit of simple analysis,
which could be extended to incorporate other parameters.
The relevance of parametric study as a preliminary step
towards optimization efforts has been demonstrated in the
presentation of the results. The computation that has been
performed using in-house developed MATLAB program.
As a particular example, for low earth orbit (i.e. 847 km),
the error is about 0.25km from the desired relative
position in the LVLH or Hill frame after 16.67 hours.
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